A 2-factor in which each cycle has long length in claw-free graphs*
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Abstract

For a graph G, we denote by 6(G) the minimum degree of G. A graph G is said to be
claw-free if G has no induced subgraph isomorphic to K; 3. In this article, we prove that
every claw-free graph G with minimum degree at least 4 has a 2-factor in which each cycle
contains at least [%W vertices and every 2-connected claw-free graph G with minimum
degree at least 3 has a 2-factor in which each cycle contains at least §(G) vertices. For the
case where G is 2-connected, the lower bound on the length of a cycle is best possible.
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1 Introduction

In this paper, we consider finite graphs. For terminology and notation not defined in this paper,
we refer the readers to [6]. A simple graph means an undirected graph without loops or multiple
edges. A multigraph may contain multiple edges but no loops. Let G be a graph. For a vertex v
of G, the degree of v in G is the number of edges incident with v. Let V(G), E(G) and §(G) be
the vertex set, the edge set and the minimum degree of G, respectively. We refer to the number
of vertices of G as the order of G and denote it by |G|. A graph G is said to be claw-free if
G has no induced subgraph isomorphic to K 3 (here K 3 denotes the complete bipartite graph
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with partite sets of cardinalities 1 and 3, respectively). We denote by L(G) the line graph of G.
Obviously a line graph is claw-free. A 2-factor of G is a spanning subgraph of G in which every
component is a cycle.

It is a well-known conjecture that every 4-connected claw-free graph is Hamiltonian due to
Matthews and Sumner [14]. Since a Hamilton cycle is a connected 2-factor, there are many
results on 2-factors of claw-free graphs. For instance, results of both Choudum and Paulraj [5]
and Egawa and Ota [7] imply that a moderate minimum degree condition already guarantees

that a claw-free graph has a 2-factor.

Theorem A ([5, 7]) Every claw-free graph with minimum degree at least 4 has a 2-factor.

Broersma, Kriesel and Ryjacek [2] showed that if there exists a function f(n) of n such
that lim f(n)/n = 0 and every 4-connected claw-free graph of order n has a 2-factor with
at mg;oof(n) components, then every 4-connected claw-free graph is Hamiltonian. Thus, to
solve Matthews and Sumner’s conjecture, it suffices to show the existence of a 2-factor with
small number of components (not necessarily 1 component). Concerning the upper bound on
the number of components, Broersma, Paulusma and the third author [3] and Jackson and
the third author [11] proved the following, respectively (other related results can be found in
8, 12, 13, 15, 18]).

Theorem B ([3]) Every claw-free graph G with minimum degree at least 4 has a 2-factor with

at most max { Lﬁ%J , 1} components.

Theorem C ([11]) Every 2-connected claw-free graph G with minimum degree at least 4 has

|G]+1
4

a 2-factor with at most L J components.

It could be also another possible approach to study about the lengths of cycles in 2-factors

of claw-free graphs. Our first main result is the following.

Theorem 1 Every 2-connected claw-free graph G with minimum degree at least 3 has a 2-factor

in which each component contains at least 0(G) vertices.

The proof of the above is given in Section 4. As a corollary of Theorem 1, we can get the

following which improve the both of Theorems B and C for 2-connected claw-free graphs.

Corollary 2 Every 2-connected claw-free graph G with minimum degree at least 3 has a 2-

factor with at most L%J components.



Figure 1: The graph G

In Theorem 1, the lower bound on the length of a cycle is best possible because we can
construct a 2-connected claw-free graph G such that for each 2-factor of G, the minimum length
of cycles in it is at most §(G) as follows: let d > 3 be an integer, and let Hy, Hy and Hs be graphs
with the connectivity one and exactly two end blocks such that each block of H; (1 < i < 3)
is a complete graph of order d + 1. For each 1 < ¢ < 3, let u; and v; be vertices contained in
distinct end blocks of H;, respectively, and u; and v; are not cut vertices of H;. Let G; be the
graph obtained from H; U Hy U H3 by joining u; and w41 for 1 < ¢ < 3 and joining v; and v; 41
for 1 < i < 3, where let uy = u; and vq = vy, see Figure 1 (here K,,, denotes the complete graph
of order m). Then Gj is a 2-connected claw-free graph which satisfies 6(G1) = d, and for each

2-factor of GG1, the minimum length of cycles in it is at most d.

Remark. A path-factor is a spanning subgraph in which every component is a path. Ando et
al. [1] proved that a claw-free graph G has a path-factor in which each component contains at
least §(G) + 1 vertices. Moreover they conjectured that if G is 2-connected, then there exists a
path-factor in which each component contains at least 36(G) + 3 vertices, but this conjecture is

still open unlike the case of 2-factors on 2-connected claw-free graphs.

For claw-free graphs with cut vertices, we can construct an infinite family of examples G in

5(G)+1
2

which every 2-factor contains a cycle of length at most [ W (see Section 6). We conjecture

that the length is also the lower bound.

Conjecture 3 Every claw-free graph G with minimum degree at least 4 has a 2-factor in which

5(@)+1
2

each component contains at least { ] vertices.

In this paper, we will show a slightly weaker statement.

Theorem 4 Every claw-free graph G with minimum degree at least 4 has a 2-factor in which

5(G)—1
2

each component contains at least { ] vertices.



An essential part of the proof of Theorem 4 is that we can divide a claw-free graph into
mutually vertex-disjoint 2-connected claw-free graphs which has large minimum degree, i.e., we

prove the following in Section 5.

Theorem 5 Every claw-free graph G with minimum degree at least 4 has a set ¢* of mutually
vertex-disjoint subgraphs such that Jg.cq- V(G*) = V(G) and each G* € ¥* is a 2-connected
claw-free graph with 6(G*) > (%W

A clique-factor is a spanning subgraph in which every component is a clique. Faudree et
al. [9] showed that a line graph with minimum degree at least 7 has a clique-factor in which
each component contains at least 3 vertices. It is known that if H is a tree, then the line graph
L(H) has a clique-factor in which each component contains at least [%1 vertices ([4]).
This supports Conjecture 3 in some sense.

It would be natural to consider the case where the connectivity is at least 3 as the next
step. Concerning the number of components of 2-factors in 3-connected claw-free graphs, Kuzel
et al. [13] proved that every 3-connected claw-free graph G has a 2-factor with at most max{

L%J,l} components. Recently, Ozeki et al. [15] improved the result as follows : every 3-

connected claw-free graph G has a 2-factor with at most L% + %J components. In view
of this result, one might expect that the coefficient of 6(G) in the lower bound on the length of

a cycle would be greater than 1 for 3-connected claw-free graphs G.

Problem. Determine f(d) = max{m | every 3-connected non-hamiltonian claw-free graph with
minimum degree d has a 2-factor in which each component contains at least m vertices}. In

particular, is there a constant ¢ > 1 such that f(d) > ecd holds?

2 Terminology and notation

In this section, we prepare terminology and notation which we use in subsequent sections. Let
G be a graph. We denote the number of edges of G by e(G). For X C V(G), we let G[X]
denote the subgraph induced by X in G, and let G — X = G[V(G) \ X]. If H is a subgraph
of G, then let G — H = G — V(H). A subset X of V(G) is called an independent set of G if
G[X] is edgeless. Let Hy and Hy be subgraphs of G or subsets of V(G), respectively. If H; and
Hjy have no common vertex in G, we define Eg(Hi, H2) to be the set of edges of G between
H, and Hj, and let eq(Hy, H2) = |Eq(H1, Hs)|. For a vertex v of G, we denote by N¢(v) and
dc(v) the neighborhood and the degree of v in G, respectively. For a positive integer [, we define
Vi(G) = {v € V(G) | dg(v) = 1}, and let V5 (G) = U, Vin(G) and Vi(G) = U, Vin(G).



Let e = uv € E(G). We denote by V(e) the set of end vertices of e, i.e., V(e) = {u,v}. The
edge degree of e in G is defined by the number of edges incident with e, and is denoted by &g (e),
ile., ég(e) = {f € EG) | f #¢e,V(f)nV(e) # 0}|. Note that if G is a simple graph, then
¢ale) =eq(V(e),G—V(e)) =dag(u) + dg(v) — 2. Let £(G) be the minimum edge degree of G.
For X C E(G), G — X means the graph with the vertex set V(G) and the edge set E(G) \ X.
If a graph S consists of a vertex (called a center) and edges incident with the center, S is
called a star. So a star in this paper is not necessary a tree. A connected graph is called a closed
trail if all the vertices have even degree. A closed trail T in a graph H is called a dominating

closed trail if H — T is edgeless.

3 Preparation for the proof of Theorem 1

To prove Theorem 1, we use Ryjdcek closure. In [16], Ryjacek introduced the concept of a
closure for claw-free graphs as follows. Let G be a claw-free graph. We call a vertex v of G
locally connected (resp. locally disconnected) if G[Ng(v)] is connected (resp. disconnected).
Note that if a vertex v of G is locally disconnected, then G[Ng(v)] is a union of two vertex-
disjoint complete graphs (otherwise, G contains a K13 as an induced subgraph). For a locally
connected vertex v of G, we add edges joining all pairs of nonadjacent vertices in Ng(v). The
closure cl(G) of G is a graph obtained by recursively repeating this operation, as long as this
is possible. In [16], it is shown that the closure of a graph has the following property. (Here a
graph H is said to be triangle-free if H contains no K3s.)

Theorem D ([16]) If G is a claw-free graph, then the following hold.
(i) cl(G) is well-defined, (i.e., uniquely defined).
(ii) There exists a triangle-free simple graph H such that L(H) = cl(G).

On the other hand, in [17, Theorem 4], Ryjacek, Saito and Schelp proved that for any vertex-
disjoint cycles Dq,..., Dq in cl(G), G has vertex-disjoint cycles C1, ..., C, with p < ¢ such that
1, V(D;) C UL, V(C;i). By modifying the proof, we can improve this result as follows.
Lemma E ([13]) Let G be a claw-free graph. If Dy, ..., D, are vertex-disjoint cycles in cl(G),
then G' has vertex-disjoint cycles C1,...,C, with p < q such that for each j with 1 < j < g,
there exists ¢ with 1 <14 < p such that V(D;) C V(C;).

As a corollary of Lemma E, we can easily obtain the following.



Corollary 6 Let m be an integer. For a claw-free graph G, G has a 2-factor in which each
cycle contains at least m vertices if and only if cI(G) has a 2-factor in which each cycle contains

at least m vertices.

Proof of Corollary 6. The necessity is clear, and so we prove only sufficiency. Suppose that
cl(G) has a 2-factor in which each cycle contains at least m vertices, and let Dy,..., D, are
vertex-disjoint cycles in cl(G) such that U?‘:l V(D;) = V(cl(G)) ( = V(G)) and |D;| > m for
1 <j <gq. Then by Lemma E, G has vertex-disjoint cycles C1,...,C), with p < ¢ such that

for each j with 1 < j < g, there exists ¢« with 1 < i < p such that V(D;) C V(C}), (3.1)

in particular, UI_, V(D;) € Ui, V(C;). Since U_, V(D;) = V(G), we have that [ J;_, V(C;) =
V(G), ie., Ui, C; forms a 2-factor of G. Since Ji_, V(D;) = Ui, V(C), it follows from (3.1)
that for each ¢ with 1 < i < p, there exists j with 1 < j < ¢ such that V(C;) 2 V(D)
(otherwise, ngl V(D;) € -, V(C;), a contradiction). Since |D;| > m for 1 < j < ¢, we have

that |C| > m for 1 <i <p. Thus J_; C; is a desired 2-factor of G. [

Now we are ready to state new statement which is equivalent to Theorem 1 (see Proposition
8). Here a multigraph H is called essentially k-edge-connected if e(H) > k+ 1 and H — X has
at most one component which contains an edge for every X C E(H) with | X| < k. It is easy to

see that for a graph H, H is essentially k-edge-connected if and only if L(H) is k-connected.

Theorem 7 Let H be an essentially 2-edge-connected triangle-free simple graph. If §(L(H)) >
3, then L(H) has a 2-factor in which each cycle contains at least 6(L(H)) vertices.

By Theorem D and Corollary 6, we can obtain the following proposition.

Proposition 8 Theorems 1 and 7 are equivalent.

Proof of Proposition 8. It is clear that Theorem 1 implies Theorem 7 because line graphs are
claw-free. So we prove the converse.

Suppose that Theorem 7 is true, and let G be a 2-connected claw-free graph with 6(G) > 3.
We show that G has a 2-factor in which each cycle contains at least §(G) vertices. By Theorem
D (ii) and since G is 2-connected, there exists an essentially 2-edge-connected triangle-free
simple graph H such that L(H) = cl(G). Note that §(L(H)) > §(G), and hence 6(L(H)) > 3.
Therefore, by Theorem 7, L(H) ( = cl(G)) has a 2-factor in which each cycle contains at least
d(L(H)) vertices. This together with Corollary 6 implies that G has a 2-factor in which each
cycle contains at least 6(L(H)) ( > 6(G)) vertices. [



4 Proof of Theorem 1

By Proposition 8, it is enough to show Theorem 7 for Theorem 1. Before proving Theorem 7,
we define a few terminologies.

It is well known that for a connected multigraph H with e(H) > 3, L(H) is Hamiltonian if
and only if H is a star or H has a dominating closed trail (see [10]). Obviously if H is a star,
then L(H) is a clique. A set Z is called a cover set of E(H) if (i) Z is a set of edge-disjoint
connected subgraphs in H such that (Jpc, E(D) = E(H), and (ii) for each D € 2, D is a star
or D has a dominating closed trail. If all members in a cover set & are stars, then we call & a
star cover set of E(H).

The following fact implies Theorem 7.

Theorem 9 Let H be an essentially 2-edge-connected triangle-free simple graph. If {(H) > 3,
then H has a cover set 9 of E(H) such that e(D) > ¢(H) for all D € 9.

Proof of Theorem 7. Let H be an essentially 2-edge-connected triangle-free simple graph, and
suppose that 6(L(H)) > 3. Since {(H) = §(L(H)) > 3, by Theorem 9, H has a cover set Z of
E(H) such that e(D) > {(H) (> 3) forall D € 2. As D is a star or a connected subgraph which
has a dominating closed trail for each D in 2, we have that L(D) has a Hamilton cycle Cp for
each D in 2 (note that |Cp| = |L(D)| = e(D) > {(H) = d(L(H))). Since Jpey E(D) = E(H)
and 2 is a set of edge-disjoint connected subgraphs, it follows that |J,., Cp forms a desired
2-factor of L(H). O

Hence in the rest of this section, we prove Theorem 9. The following lemma will be used.

Lemma F ([18]) Let H be an essentially 2-edge-connected graph. If {(H) > 3, then there
exists a set .7 of vertex-disjoint closed trails in H such that V>3(H — Vi(H)) C Upcs V(T).

Proof of Theorem 9. If H is a star, then {H} is a desired cover set of E(H). Thus we may
assume that H is not a star. Then since H is essentially 2-edge-connected, we have §(H —
Vi(H)) > 2. By Lemma F, there exists a set .7 of vertex-disjoint closed trails in H such that
Vo3(H — Vi(H)) € Upes V(T). Since 6(H — Vi(H)) > 2 and Va3(H — Vi(H)) € Upes V(T),
it follows that v € Vo(H — Vi(H)) for all v € V>3(H) \ Upes V(T). This implies that for each
v € Vau(H) \ Ures VI(T),

there exist exactly two vertices u; and ug in Ny (v) with uy # ug

4.1
such that u; € Vs>o(H) for t = 1,2 and Ny (v) \ {ui,u2} C Vi(H) (4.1)

(see the left of Figure 2). In particular, Ng(v) \ {ui,us} # 0 since v € V>3(H), that is,
Ny (v) NVi(H) # 0, and hence |Ng(v) \ {ui,uz}| > dg(v) —2 > &(H) — 1.



Figure 2: The graph H*

Let H* be the graph obtained from H by contracting an induced subgraph H[V (T')] of
H to a vertex vy for each T' € 7 (note that H* may be a multigraph, see Figure 2). Let
X ={vp | T € }. Note that | X| = |.7| since 7 is a set of vertex-disjoint closed trails in H.
By the definition of H*,

dp+(v) =dg(v) for allv € V(H") \ X. (4.2)
By (4.2) and since Vi(H) N (Upes V(T)) =0,
Vi(H) =Vi(H")\ X. (4.3)

By the definition of H* and (4.2) and since {(H) > 3, we also have that V<o(H*) \ X is an
independent set of H*.

To show the existence of a cover set & of E(H), we find a mapping ¢ : E(H*) — V(H"*) so
that

(M1) p(e) =u or p(e) =wv for all e = uv € E(H"),
(M2) |7t (v)| =0 for all v € Vo (H*) \ X,

(M3) |7t (v)| > &(H) for all v € Vag(H*) \ X,

(M4) |~ (vp)| + e(H[V(T)]) > &(H) for all vy € X.

If there exists such a mapping ¢, then we can construct a desired cover set as follows. Suppose
that there exists such a mapping ¢. Let . = {S, | v € V>3(H*) U X} be a set of stars such
that for each S, € .7, S, is a star consisting of a vertex v (as the center) and the edges in
¢~ 1(v). Then by the conditions (M1) and (M2), .# is a star cover set of E(H*). Furthermore
by the conditions (M3) and (M4), e(S,) = | 1(v)] > &(H) for each v € Vs3(H*) \ X and
e(Spy) = [ Huvr)| > E(H) — e(H[V(T)]) for each vy € X. Hence by the definition of H*, and
by considering a subset of E(H) corresponding to E(S,) for each v € V>3(H*)UX and replacing



D is connected and
T is a dominating closed trail of D

vE Voz(H*)\ X D’ is also a star

Figure 3: The desired cover set of E(H)

vp with H[V(T)] for each vy € X, we can find a cover set & of F(H) such that e(D) > &(H)
for all D € & (see Figure 3). Thus it suffices to show the existence of the above mapping ¢.

Let H = H*— (V1(H*)\ X). To show the existence of a mapping ¢ satisfying the conditions
(M1)—(M4), we define a mapping ¢’ : E(H') — V(H’) as follows. Since the number of vertices
of odd degree is even in H’, there exists a collection of paths Py,..., P, in H' such that each
vertex in o( H') appears in the set of end vertices of them exactly ones (note that [ = |o(H)|/2),
where for a graph G, o(G) denotes the set of vertices with odd degree in G. By considering the
symmetric difference of them, we may assume that P, ..., P, are pairwise edge-disjoint. For each
1 <<, write P, = mzlacéxg .. ':L"|iP¢|71$|Z'P¢" and let eé- = m}xé-ﬂ foreach 1 < j < |P;|—1, and we
define w’(eé) =, foreach 1 < j < |P|—1. Let H' = H' — Ué:1 E(P;). By the definitions of
Py, ..., P, we have o(H") = (). Hence the edges of each component of order at least 2 in H” can
be covered by pairwise edge-disjoint cycles. For each cycle, written by y142¥3 . . . Ym—1Ym (= y1),
we define ¢'(e;) = yj41, where e; = y;y;41 for each 1 < j < m — 1. Then by the definition of
¢, for each v € V(H'),

0 )] 2 @) = 1)/2 = ((dar-(0) = (V- ) VDV X = 1) /2. (4)
Now we define a mapping ¢ : E(H*) — V(H*) as follows: for each e = uwv € E(H*), we let

U ifUGVSQ(H*)\X
ple)=9 :
¢'(e) otherwise

Since V<o(H*)\ X is an independent set of H*, ¢ is well defined. By the definitions of ¢ and ¢/,
we can easily see that ¢ satisfies the conditions (M1) and (M2). So we show that ¢ satisfies the



conditions (M3) and (M4). Since (Vi(H*)\ X) NV (H') = () by the definition of H’, it follows
from the definition of ¢ that

o™ ()] = "7 ()] + [(Ng+ (v) N Vi(H)) \ X]| for all v € X. (4.5)

We first show that ¢ satisfies the condition (M3). Let v € V>3(H*) \ X. Then by (4.2) and
the definitions of H* and X, v € V>3(H) \ Upc» V(T). Hence by (4.1), there exist exactly two
vertices uj,ug € Ny (v) with u; # ug such that u; € Vao(H) for i = 1,2, Ng(v) \ {u1,u2} C
Vi(H) and |Ng(v) \ {u1,us}| > £(H) — 1. Therefore by (4.2), (4.3) and the definition of H*,
there exist distinct two edges vul,vul, € E(H*) such that v} € Vso( H*) U X for ¢ = 1,2,
Ny )\ {u),uy} CVi(H*)\ X and | Ng«(v) \ {v], uh}| > E(H)—1 (v} and vuly may be parallel
edges in H*, e.g., vp = u} = uf in Figure 2). If u} € Vo(H*)\ X for some ¢ = 1 or 2, then
by the definition of ¢, we have |p~1(v)| > [(Ng(v) N Vi(H*)) \ X| + [(Ng(v) N Va(H*)) \ X|
> |Ng= () \{u), u5}+1 > (§(H) —1)+1 = £(H). Thus we may assume that u, € V>3(H*)UX
for i = 1,2. Note that by the definition of H', u, € V(H') for i = 1,2. Since Ng-(v)\ {u}, ub} C
Vi(H*) \ X, we have v € Vo(H') (the degree of v in H' is even) and vu, € E(H') for i = 1,2.
Hence by the definition of ¢/, ¢'(vu}) = v and ¢'(vuy_;) = uj_; for some j with j € {1,2}.
We may assume that j = 1. Then by the definition of ¢ and since {v,u}} C Va3(H*) U X, it
follows that p(vu}) = ¢'(vu}) = v. Therefore |~ 1(v)] > [(Ng(v) N Vi(H*))\ X| + [{vu}}| >
|INg=(v) \ {u),ub} +1> (§(H) — 1)+ 1 =&(H). Thus ¢ satisfies the condition (M3).

We next show that ¢ satisfies the condition (M4). Let T' € 7. Since H is a triangle-free
simple graph, all cycles which are contained in T" have order at least 4. Hence there exist two

independent edges e; and es in T'. For each i = 1,2, let

ci=|{e € B(H[V(T)]) | e #ei,V(e) N V(es) # 0}|.

Since H is triangle-free, |{e € E(H[V(T)]) | V(e) NV (e;) # 0 for i = 1,2}| < 2. Hence by the

definition of ¢;,
e(H[V(T)]) > (e1 + €2) — 2+ |[{e1,ea}| = €1 + €a. (4.6)

We also have ey (V (e;), H—T) > £(H)—e¢; for each i = 1, 2. Hence since dy+(vr) = ey (T, H-T)
by the definition of H* and since Eg(V(e1),H — T)N Ex(V(e2), H —T) = 0, we obtain

dpg«(vp) =eg(T,H—-T) >eg(V(e1),H—-T)+eg(V(ea),H—T) > 2((H) — (€1 + €2). (4.7)

10



Then by (4.4) through (4.7),

¢ (or)| + [(Ng=(vr) N Vi(H")) \ X]|

di+(vr) = [(Ng=(vr) N Vi(H) \ X| = 1) /2 + |(Np=(vr) N Vi(H")) \ X]|
26(H) — (€1 + €2) — 1) /2

H)— ((e1+e)+1)/2

H) — (e(H[V(T)]) + 1) /2.

o™ (vr)| >
>

Since e(H[V(T)]) > 4, we get o™ (vr)|+e(H[V(T)]) > (H)—(e(H[V(T)])+1)/2+e(H[V(T)]) >
EH) + (e(H[V(T)]) —1)/2 > &(H). Thus ¢ satisfies the condition (M4).
This completes the proof of Theorem 9. [J

5 Proof of Theorem 4

As mentioned in Section 1, the essential part of the proof of Theorem 4 is Theorem 5, and hence

at first we give the proof. In order to prove this, we use the following lemma.

Lemma 10 Let G be a claw-free graph and B be a block of G. Let u be a vertex in B, and
let x1 and x2 be distinct two cut vertices in G such that x,y € Np(u). If xv1z2 ¢ E(G), then

G[Np(u)] has a clique-factor with 2 components.

Proof of Lemma 10. Let G; = G[Np(x;) U {z;}] for i = 1,2. Since z; and zo are cut
vertices in G, each x; is locally disconnected. This implies that G; and G2 are complete graphs,
respectively. Suppose that there exists a vertex y in Np(u) \ (V(G1) U V(G2)). Then by the
definitions of G; and Gy, it follows that yx; ¢ E(G) for i = 1,2. Since z122 ¢ E(G), this implies
that G[{u,x1,x2,y}] is isomorphic to K3, a contradiction. Thus Np(u) C V(G1) U V(Gs),
and hence G := G[Np(u) NV (Gy)] and G, := G[Np(u) \ V(G})] forms a clique-factor with 2
components in G[Ng(u)]. O

Proof of Theorem 5. Let G be a claw-free graph with §(G) > 4. It suffices to consider the case
where G is connected. If G is 2-connected, then ¥* = {G} is a desired set. Thus we may assume
that G has a cut vertex. Let Z be the set of blocks of G and X be the set of cut vertices of G. We
consider the block cut tree T of G, i.e., V(T) = BUX and E(T) ={Bv | B€ #,v € V(B)NX}.

Since every cut vertex of G is locally disconnected, it follows that for each v € X,

G[N¢(v)] is a union of two vertex-disjoint complete graphs. (5.1)
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Figure 4: Subsets %y, ..., %y and subsets X, ..., Xpp,

Hence dr(v) = 2 for all v € X. Let By € % be the root of T. We consider T" as an oriented
tree from By to leaves, and denote it 7’) For each v € X, we let B,+ (resp. B,-) denote
a successor (resp. a predecessor) of v along T (note that B,+ and B,- are uniquely defined
because dr(v) = 2, and note also that B+, B,- € #). For each B € #\{By}, we let vg denote a
predecessor of B along T (note that vp is uniquely defined). We define subsets %Ay, . .., B, of &
and subsets Xo, ..., X, of X inductively by the following procedure. First let By = {By}, and
let Xo ={v e X |B,- =Bp}. Nowleti> 1, and assume that we have defined Ay, ..., B;_1 and
Xoy. oy Xio1. If X;—1 # 0, then let Z; = {B,+ |v e X;—1}, and let X; ={v e X | B,- € #;};
if X;—1 =0, we let m =i — 1 and terminate the procedure (see Figure 4). Then it follows from
the definitions of Ay, ..., %, and Xg, ..., X, that £ is disjoint union of Ay, ..., B, and X is
disjoint union of Xg,..., X;_1.

We define a mapping ¢ : X — £ inductively as follows. First for each v € Xy, let

p(v) =

B,- (= Bo) if [Ng(v)NV(B,-)| > 2§
B+ otherwise

Now let ¢ > 1, and assume that we have defined ¢(v) for each v € X; with 1 <[ <i—1. If
i < m — 1, then for each v € X;, let

)

| \/

B,- if QO(UBU—) = B,- and [Ng(v) NV (B,-)|
ov) =4 B if p(vp,_) # B,- and [Na(v) N V(B,-)|
B, ifg(vp_)# B,-, |[Na()NV(B,-)| =2

B,+ otherwise

Ch
_l’_

1

2 .
) and g & E(G) ,

M‘B IV
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5(G)/2

other than (i)—(iii)

Figure 5: The definition of ¢

if i = m, then we terminate the procedure (see Figure 5). Let

4" ={GI(V(B)\ X)Up ' (B)] | B € #}.

We show that ¢* is a desired set. By the definition of ¢*, it is easy to check that ¥* is a set
of vertex-disjoint subgraphs in G such that (Jg.cy- V(G*) = V(G) and G* is a claw-free graph
for all G* € ¥*. Let G* € ¥*, and let G* = G[(V(B) \ X) U ¢~ !(B)] for some B € %; with
0<7s<m.

Let u € V(G*). We first show that dg«(u) > [6(02)_11.

Case 1. u € ¢~ 1(B) and B € %y, i.e., B = By.

Then by the definition of ¢, |[Ng(u) NV (By)| > @. Since G[Ng(u) NV (By)] is a complete
graph by (5.1), [No(v) NV (Bo)l > |(Ne(w) 0 V(Bo) \ {o}] + [{uH > %€ for all v & Na(u) 0
V(Bp). Hence by the definition of ¢, ¢(v) = By for all v € Ng(u) N V(By) N X. Since
G* = G[(V(Bo) \ X) U ¢~ 1(By)], this implies that (Ng(u) NV (By)) U {u} C V(G*), and hence
g+ (1) = |Na(w) NV (Bo)| > °F.

Case 2. u € ¢ 1(B) and B € %; with 1 <i < m.

Assume for the moment that u = vp, or u # vg and p(vg) = B. Then by the definition of ¢,
|INg(u) NV (B)| > @. Since G[Ng(u) NV(B)] is a complete graph by (5.1), |[Ng(v)NV(B)| >
LQG) for all v € Ng(u) N V(B). Since ¢(vg) = B, it follows from the definition of ¢ that
¢(v) = B for all v € Ng(u) N V(B) N X. Since G* = G[(V(B) \ X) Uy 1(B)], this implies that
(Ng(u) N V(B)) U{u} C V(G*), and hence dg=(u) = |[Ng(u) NV (B)| > @ Thus we may
assume that v # vp and ¢(vp) # B. Then by the definition of ¢, (i) |[Ng(u) NV (B)| > %
or (ii) |[Ng(u) N V(B)| = @ and wvp ¢ E(G). Since G[Ng(u) N V(B)] is a complete graph
by (5.1), it follows that for each v € Ng(u) N V(B), either (") |Ng(v) N V(B)| > % or
(ii’) |[Ng(v) N V(B)| = @ and vvg ¢ E(G) holds. Hence by the definition of ¢, p(v) = B

for all v € Ng(u) NV (B) N (X \ {vp}). Since G* = G[(V(B) \ X) U o~ (B)], this implies that
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(Ne(u) NV(B))U{u}) \ {vp} € V(G*) (note that if (ii) holds, then (Ng(u) N V(B)) U{u} C
V(G*)), and hence dg-(u) > |(Na(u) N V(B)\ {vp}| > 29=L.

Case 3. u ¢ ¢ 1(B),ie.,ucV(B)\ X.

Since u € V(B)\ X, dp(u) = dg(u) > §(G). If \NB(u) \ X[ > L9D=L then G* = G[(V(B) \
X) U 1(B)] implies that dg«(u) > ]NB( ) \X] > UY=L Thyus we may assume that INg(u)\
X| < 5(G2)72, that is, |[Np(u) N X| > ) (> 3). In the rest of Case 3, we let v* = vp if
B # By; otherwise, let v* be an arb1trary vertex in G — B.

Suppose that G[Np(u) N X] is a complete graph. Then |Ng(v) NV (B)| > |(Np(u) N X) \
{v} + {u}| > W for all v € Np(u) N X. Hence by the definition of ¢, ¢(v) = B for all
v € (Np(u)NX)\{v*}. Since G* = G[(V(B)\X)Up~(B)], this implies that (Np(u)NX)\{v*} C
V(G*), and hence dg+(u) > %G). Thus we may assume that G[Npg(u) N X] is not complete.

Then by Lemma 10, there exists a complete subgraph F of B[Np(u) U {u}] such that (i)

we V(F) and |F| > 2G5 or (i) u € V(F), |F| = 292 and v* ¢ V(F). Then since F' is a
complete graph, it follows that for each v € V(F), elther (") |[INa(v) N V(B)| > ° )H or (ii")
INg(v) N V(B)| = =5~ ) and vo* ¢ E(G) holds. Hence by the definition of ¢, ¢(v) = B for all

ve (V(F)NX)\{v* } Since G* = G[(V(B)\X)Up~!(B)], this implies that V (F)\{v*} C V(G*)
(note that if (ii) holds, then V(F) C V(G*)), and hence dg=(u) > |V (F)\ {u,v*}| > 29=1

By Cases 1-3, dg=(u) > [%] Since u is an arbitrary vertex in G*, 6(G*) > [%1

We next show that G* is 2-connected. Suppose that G* is not 2-connected. Since 6(G*) >
[%1 > 2, |G*| > 3. Hence there exist distinct two subgraphs F} and F» of G* such that
V(F;) \ V(F3—j) # 0 for j = 1,2, and |V(F1) NV (F)] < 1, V(G*) = V(F1) UV (F,) and
Eq(F1 — Fy, Fy — Fy) = (. Since |B| > |G*| > 3, we also have that B is 2-connected. Hence
V(B-G*) = (V(B)NnX)\ ¢ X(B) # 0. Let w € V(F)NV(F) if V(F) N V(F) # 0;
otherwise, let w be an arbitrary vertex in B — G*. Let U = {u € V(B — G*) | Ng(u) N (V(F1) \
{w}) # 0}. Since B is 2-connected, U # ). If there exists u € U such that Ng(u) N (V(F3) \
{w}) # 0, then G[V(Fy U F U B,+) U{u}| contains K 3 as an induced subgraph of G because
Eq(V(Fy) \ {w},V(F,) \ {w}) = 0 and Eg(B — {u}, B,+ — {u}) = 0, a contradiction. Thus
Ne(u) N (V(F2) \ {w}) = 0 for all u € U. Hence since B is 2-connected, there exist u € U and
veV(B)\ (V(G¥)UU) such that uv € E(G). Then G[V(Fy U B,+) U {u,v}] contains K; 3 as
an induced subgraph of G because Ng(v) N (V(F1)\{w}) = 0 and Eq(B —{u}, B+ —{u}) =0,
a contradiction again. Thus G* is 2-connected.

This completes the proof of Theorem 5. [

Proof of Theorem 4. Let G be a claw-free graph with §(G) > 4. We show that G has a

2-factor in which each component contains at least [%W vertices. By Theorem A, we may
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assume that §(G) > 6. Then by applying Theorem 5, we have that there exists a set ¥* of
vertex-disjoint subgraphs in G such that |Jg.cq- V(G*) = V(G), and G* is a 2-connected claw-
free graph and 0(G*) > {(S(G%W > 3 for all G* € ¥*. Hence by Theorem 1, each graph G*
in ¢* has a 2-factor in which each cycle contains at least 6(G™) ( > [%]) vertices. Since
V(G) = Ugrey- V(G*) (disjoint union), this implies that G has a desired 2-factor. [

6 Sharpness of Conjecture 3 and Theorem 5

We give a graph showing the sharpness of the lower bound on the length of a cycle in Conjecture
3. The graph Gy illustrated in Figure 6 (here, in Figure 6, “+” means the join of vertices) is a
claw-free graph with minimum degree d (> 4), and for each 2-factor of G5, the minimum length
of cycles in it is at most {%], and G9 has a 2-factor such that the minimum length of cycles in
4]

it is just [ . To see this, let ¢’ be a set of vertex-disjoint cycles in G2 such that (Jocy C is a

2-factor of Go. If x € X and y € Y are contained in same cycle in %, then by the definition of
(G2, the maximum size of the cycle containing both x and y is [%w Hence by the symmetry,
we may assume that for all z € X U X" and all y € Y UY”, the cycle containing x and the cycle
containing y in ¢ are distinct. Then by the definition of Go, there exists a subset ¢ of ¢ such
that Upeyr V(C) = X or Upey V(C) = X' Since | X| = |X'| = [45], the minimum length of
cycles in % is at most {%1 Moreover, by these arguments, we can take a set ¥ so that the
minimum length of cycles in € is just {%1 (Note that by adding X, Y, X’ and Y” iteratively,
we can construct a sufficiently large graph.)

Obviously the above example also shows the sharpness of the lower bound of §(G*) in The-

orem 5.
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