October 31, 2008

An Extremal Problem Resulting in Many Paths

Richard H. Schelp

Department of Mathematical Sciences, The University of Memphis
Memphis, TN 38152-3240
schelpr@msci.memphis.edu

and
Kiyoshi Yoshimoto!

Department of Mathematics, College of Science and Technology
Nihon University, Tokyo 101-8308, Japan
yosimoto@math.cst.nihon-u.ac.jp

Abstract

For a bipartite graph the extremal number for the existence of a specific
odd (even) length path was determined in J. Graph Theory 8 (1984), 83-95.
In this article, we conjecture that for a balanced bipartite graph with partite
sets of odd order the extremal number for an even order path guarantees many
more paths of differing lengths. The conjecture is proved for a linear portion
of the conjectured paths.
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1 Introduction

In [2] the extremal number is given for a path to be embeddable in a bipartite graph.
We first describe a specific bipartite graph that determines the extremal number for
the path Pop,o of order 2k + 2, k a positive integer.

Let K 4 p be bipartite with partite sets A and B, |A| = |B| = 2k +1, k a positive
integer. Further partition both A and B into two sets of order k and k + 1. Joining
all vertices in the k (k + 1) element set of A to the k+ 1 (k) element set of B gives
a graph G with 2k* + 2k edges composed of two vertex disjoint copies of Kj 1.

This graph G clearly contains no path Pagio. Surely G is extremal for P o, since
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the addition of any edge gives a graph with 2k2 4+ 2k + 1 edges which contains the
path Pyio. In [2] this is proved, that for a balanced bipartite graph with parts of
order 2k + 1, the path Py, has extremal number 2k? + 2k, i.e., any such balanced
bipartite graph with 2k% + 2k + 1 edges contains a Py o.

Thus let G be as described and let G’ denote the graph obtained from G by
adding an additional edge (there are two such nonisomorphic graphs). Interestingly
this graph G’ satisfies a much stronger property. Let C be any k + 1 element subset
of Ain G'. Then for each fixed [, 2 <[ < k+1, it is easily checked that G’ contains
k + 1 distinct paths with one end vertex in C' and k + 1 different end vertices in B.

This example suggests the following conjecture.

Conjecture 1. Let G be a subgraph of the complete bipartite graph Koki1k+1 Of
size e(G) > 2k?* + 2k + 1 with partite sets A and B. Then for each k + 1 element
subset C' C A and 2 <1 < k+ 1, there exist k + 1 paths of order 2l with one end

vertex in C' and each of the k + 1 paths with a different end vertex in B.

This conjecture, if true, is interesting in that an extremal number for a fixed
Py o implies the existence of many different Py o’s, starting in an arbitrary k& + 1
element set in A and ending at different k + 1 elements in B. In addition the truth
of the conjecture would imply that the same is true for all Py’s, 2 <[ <k — 1.

The objective of this article is to give credibility to the conjecture by proving
it holds for at least k/9 values of [. In addition the truth of the conjecture would
appear to be applicable, for example, in Ramsey questions involving the existence
of cycles. At this point there seems to be no comparable extremal result which
forces the existence of many similar well defined paths from the extremal number of
a single path.

All notation and terminology not explained here is given in [1].



2 Main result and the Proof

The remainder of this article is devoted to the proof of the following theorem. Its
proof is somewhat technical and after some introductory notation and basic obser-
vations is broken into three separate cases. For a vertex subset W of a graph G, we
denote the maximal degree max{dg(w) : w € W} by Ag(W), the minimal degree
by (W) and [Ng(W)| by dg(W)

Theorem 2. Conjecture 1 holds for at least k/9 values of .

Proof. Let ag,aq,...,as be the vertices in A such that dg(a;) > dg(a;yq) for all
1 S 2k—1. Let AG'(A) = dg(ao) = k+T, Aj = {ai . dg(az‘) Z j}, and A; = Aj\{a,o}.

Since the degree of a4, ,,| is at most £,

[Agy1]—1 2k
(k+ ) Apa| + 5@k +1— A ) > Y de(a) + Y dalas)
=0 i=[Ag41]
> 2k* 4+ 2k + 1
k+1

Let U be a subset of A and v a positive real number. Let H(U,~) be the graph
whose vertex set is U and edge set is {uv : |Ng(u) N Ng(v)| > ~}. Suppose U
contains three vertices u, v, w such that all of |[Ng(u) N Ng(v)|, |[Na(v) N Ng(w)| and
|Ne(w) N N (u)| are smaller than k/9. Then,

da(U)

v

|Ne(u) U Ne(v) U Ne(w))

[Na(u)| + [Ne(v)| + [Ne(w)|

—([Ne(u) N Ne(v)| + [Ne(v) N Ne(w)| + [Ne(w) N Na(u)))
> 360(U) — 3k/9

Y

— 6c(U) <dg(U)/3+k/9.
Conversely, if 0¢(U) > dg(U)/3 + k/9, then for any three vertices in U, there are

two vertices which are adjacent in H(U, k/9). Therefore, the following claim holds.

Claim 1. Let U be a vertex subset of A. If 6q(U) > da(U)/3+k/9, then the stability
of H(U,k/9) is at most two.



In particular, since dg(U) < |B| = 2k + 1,

7 1
if 0c(U) > §k5 + 3 then the stability of H(U, k/9) is at most two. (2)
We denote the vertices in C' by co,cq,...,cx where dg(¢;) > dg(ciyq) for all

i<k—1 If Ag(C) <k—r+1, then
26242k +1 < (k—r+1)|C|+ (k+7r)(|A] = |C]) = 2k* + 2k —r+1 < 2K* + 2k + 1.
Therefore, since |Ng(ag) U Ng(co)| < |B| = 2k + 1,
Ag(C) > k—r+2and |Ng(ag) N Ng(c)| > 1. (3)
We divide the remainder of the proof into three cases.

Case 1. Ag(A) =k+1, ie., r=1.

From (1), |Ax+1] > k+1, and so Aj1 contains a vertex of C'. From (2), the stability
of H(Ag11,k/9) is at most two. Therefore, H(Ag.1,k/9) has a hamilton path or is
the union of two cliques.

1. Suppose that there is a component X in H(Ag,1,k/9) containing a vertex z
of C such that |X| > £/9. Since X is a clique or X = H(Ak;1,k/9), obviously
for any 2 < I < k/9, there is a path P = xjx9---2; in X where x; = z. Since
|Ne(z;) N Ng(xi41)| > k/9, for any y € Ng(x1), there exists a path

Py =Yr1y12 - - L—1Y1-17

where y; € (Ng(x;) N Ng(xiv1)) \ {v,v1,y2,...,9i—1} for 1 < i < 1 — 1. Since
do(r1) =k+1and 2, = z € C, the set {P, : y € Ng(x1)} gives the desired set of
k + 1 paths.

2. Assume that any component in H(Agi1,k/9) contains no vertex in C' or the
order is less than k/9. Since Ajy1 contains a vertex of C, H (A1, k/9) is the union
of two cliques. Let X be the largest component in H(Ay;1,k/9). Since the other
component contains a vertex of C, |X| > 8k/9. As C contains a vertex of degree

k+1and |B| = 2k + 1, [No(C) N Ng(X)| > 1.
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2.1. Suppose that |[Ng(C) N Ng(X)| > 2. Let y',4*> € Ng(C) N Ng(X) and
2 € Nog(y!)NC and 27 € Ng(y?)NX for j = 1,2, i.e., G contains two paths z'y!'z!
and x?y?z2. For any 2 < [ < k/9, let P = zy29---2;_; be a path in X where

x;_y = x'. For any y € Ng(z1) \ {y'}, there exist a path
Pyl = YrTe Ty 2

where y; € (Ng(z;) N Ng(xi)) \ {y, v v1, 92, yi1} for 1 <@ < [ — 2. Since
da(z1) = k+ 1, the set {P, : y € Ng(z1)} gives the desired set of at least k. If
y' € Ng(z1), then by using x%y%2?%, we can obtain one more desired path as above.
2.2. Assume that |[Ng(C) N Ng(X)| = 1. This implies for any z € X, Ng(X) \
Ng(C) = B\ Ng(C) and dg(C) =k + 1, and

for any z € C, |[Ng(z) N Ng(co)| > da(z). (4)

Let U = {co,c1,- ., Crarjo-11}-

2.2.a. Suppose 6¢(U) > da(U)/3+k/9, then from Claim 1 the stability of H (U, k/9)
is at most two. Let X be a largest component in H(U, k/9). From (4), ¢ € Xc.
For any 2 < [ < k/9, there is a path zy25--- 2 in X where z; = ¢g. For any

y € Ng(co), there exists a path
Py =yaypz - zayi-12

where y; € (Ng(z;) N Ng(zi1)) \ {v, 91,92, .. .,9i-1} for 1 < i < [ —1. Since
da(co) =k +1, the set {P, : y € Ng(co)} gives the desired k + 1 paths of order 2[.
2.2.b Suppose d6(U) < dg(U)/3+ k/9 = (kK +1)/3 + k/9 = (4k + 3)/9, then
de(craryo1) is also smaller than (4k +3)/9. Since |C'\U| = [7k/9+1] and |A\ (C'\
U)| > 2k +1—Tk/9 — 2, the number of non-adjacent pairs between A and B is:

(2k +1)* — (2k* + 2k + 1) = 2k* + 2k
4k +3

Y]

2k+1—-(E+1)(JA\N(C\U)|-1)+(2k+1—-

> (2k+1_(k+1))<2k_%—2)+(2k+1—4’“+3)(Zk+2)

9
197 44 4
= kP4 k=
81 Jr27 +3’

J(IC\UT+1)




a contradiction.

Therefore, for the remainder of the proof

Ag(A) > k+2,ie,r>2.

Case 2. |A;_ | > 2k/9 — 2.
From (2), the stability of H(Aj,,k/9) is at most two. Since k+1+Fk+r > 2k +3,

|N¢(ag) N Ng(z)| > 2 for any « € A; ;. (5)

1. Suppose that there is a component X in H(Aj,,k/9) containing a vertex z of
C such that |X| > k/9 — 1. Since X is a clique or X = H(A;,,,k/9), obviously
for any 2 < 1 < k/9, there is a path P = x5---2; in X where z; = z. For each
y € Ng(ag) and ¢ € (Ng(ao) N Ng(z2)) \ {y}, there exists a path

Py = yaoy'xzyz o T1Yi-17

in G such that y; € (Ng(x;) N Ng(ziv1)) \{v, ¥, y2, ..., yi_1} forall 2 <i <1 —1.
Since dg(ag) > k+1, the set {P, : y € Ng(ao)} gives a desired set of k + 1 paths of
order 2[.

2. Suppose that any component in H(A;,,,k/9) contains no vertex in C' or the
order is less than k£/9 — 1. Let X be a largest component in H(A;,,,k/9). Then
| X| > k/9—1.

2.1. Suppose there exist z € C' and x € X such that |Ng(z) N Ng(z)| > 2. For
any 2 <[ < k/9, let P = xy29---2;_1 be a path in X where z;_y = z. For any
y € Ng(x1), there exist ¥’ € (Ng(z) N Ne(z)) \ {y} and a path

Py = Yri1yixra - - 'ﬂfl—lylz

where y; € (Ng(z:) N Na(2i1)) \ {y, ¥, 41,92, ..., yi1} for 1 <@ <1 —2. Since
de(z1) = k+ 1, the set {P, : y € Ng(x1)} gives the desired set of k + 1 paths.

2.2. Suppose

for any z € C' and x € X, |[Ng(2) N Ng(x)| < 1. (6)
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This implies ag # ¢o by (5) and |[Ng(ag) N Ng(co)| > 1 from (3). Let ' € Ng(ag) N
N¢(co). Then, obviously {P, = yaoy'co : y € Ng(ao) \ {y'}} contains the desired
k + 1 paths of order 4. Hence in the following we consider when 3 <[ < k/9.

2.2.a. Suppose |Ng(ag) NN (co)| > 2. Forany 3 <1 < k/9,let P = xyx9--- 19 be
any path in X. At first, we specify y € Ng(z1), and let ¢ € (Ng(ao) N Nea(co)) \{y}-
If No(a0) "\ Na(z1-2) # {5, 3/}, then we can choose 5 € (No(a0)\Na(zi_2))\ {9, 4}
If Ng(ao) N Ng(x—2) = {y,y'}, then from (6), y ¢ Ng(ag) N Ng(cp). Hence we can
choose ¥y € (Ng(ag) N Ng(co)) \ {y,y'}. In either case, as in the above, we can

construct a path

1 ! ! n
Py = YT1Y1X2Y2 * - - T1—2Y QoY Co Or YT1Y1T2Y2 * - Tj—2Y QoY Co

in G, respectively. Since dg(z1) > k + 1, we have the desired k + 1 paths of order
21.
2.2.b. If |[Ng(ap) N Ng(co)| < 1, then equality holds and dg(co) = k — r + 2 from
(3). Let {3/} = Ng(ag) N Ng(co), and then Ng(co) = (B \ Ng(ag)) U{y'}.

Suppose there is a vertex € X such that Ng(x) \ Ng(ag) # 0. Let y" €
Ne(2) \ Ng(ap). Since Ng(co) = (B\ Ng(ag)) U{y'} and v/ € Ng(ap), ¥y € Ng(co),
let P be a path xexg---2;-; in X where 2y = 2 and 3 < [ < k/9. For any

y € Ng(ag), we can construct a path

Py = YaoY1r2ys - 'xz—ly”Co

in which y; € (Ng(z;) N Ne(zi1)) \ {v, ¥, v1,92, .., y;1} for i < I — 2. Since
dc(ag) = k + r, there are k + 1 paths of order 2.
Suppose Ng(X) C Ng(ag). Let xyzg- -+ x5 be a path in X for 3 <1 < k/9. For

any y € Ng(z1) \ {y}, there is y” € (Ng(21-2) N Ng(ao)) \ {y, y'} since |[Ng(zi-2) N

Ne(ag)| = dg(x;—9) > k + 1. Thus we can construct a path

Py = Yri1y122y2 - - '961—2?//@03//@0

in which y; € (Ng(z;) " Neg(ziv1)) \{y, v, ¥, v1,y2, - - ., yi—1} for i <1—3. Hence, if
|Ne (1) \{¥'}| > k+1, then there are k+ 1 paths of order 2[. If |[Ng(x1) \{¥'}| = &,
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then y' € Ng(z1), and so for ¥ € Ng(ag) \ Ng(x1), we can obtain (k + 1)th path

n 1 !
Y apy Ti—2 - Y2T2Y111Y Cop-

Case 3. |Aj, | <2k/9 — 2.
From (1), since 2k/9 — 2 > |A; || = [Aka| =1 2> (K +1)/r — 1, r > 5. Let

m = dg(ags1) and p = [{a; : dg(a;) < k and 1 <i < k}.

Then p > k — (2k/9 —2) = 7k/9 + 2 and

k—p k 2k
27+ 2k +1<e(G) <D dala)+ Y dela)+ Y dela;)
=0

= i=k—p+1 i=k+1
<@2k+1)k—p+1)+kp+mk

<~ km>pk+p—k

= m>p>T7k/94+2>T7k/9+1/3.
Hence,
the stability of H(A},, k/9) is at most two

from (2). Furthermore

k—p k 2k
2k* + 2k + 1< e(G) <Y dola) + Y dala)+ Y dalay)
i=0 i=k—p+1 i=k—+1

<(k+r)(k—p+1)+kp+mk

= km >k 4+ k—kr+pr—r+1
pr—r+1

—m>k+1—1r+ A

Since r > 5 and p > 7k/9 + 2, the following inequalities hold:
m+ (k+1) 22k+1+pr_7r+1 > 2k +3
<~ r(p—1)>2k—1.
Therefore

for any v € A7 and a; € Ay, No(z) N Ng(a;) > 2.
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Notice that as |Af| > k+ 1, A%, contains a vertex z in C'\ {ag}. Let ¥’ € Ng(ap) N
N¢(z). Then, obviously {P, = yaoy'z : y € Ng(ao) \ {y'}} contains the desired k+1
paths of order 4. Hence in the following, we consider the case when 3 <1 < k/9.

1. Recall that the stability of H(AL,, k/9) is two. Therefore if H(Af,,k/9) has a
component X which contains a vertex z of C' with |X| > k/9 — 1, then we can
construct the desired k + 1 paths of order 2/ for any 3 <1 < k/9 as done in part 1
in Case 2.

2. Suppose that each component X in H(A? , k/9) has no vertex of C or |X| <
k/9 — 1. Since AX, N (C'\ {ao}) # 0, H(A;,, k/9) is the union of two cliques X and
X’ such that | X|>8k/9+1, X NC =0, |X'|<k/9—1and X' NC # 0.

2.1. Suppose that there are z € X and z € C'\ {ao} such that Ng(z) N Ng(z) # 0.
Let ¢ € Ng(z)NNg(z) and P = xoz3 - - - 21 be a path in X where x;_; = x for any
3 <1< k/9. Let y € (Na(ao) N Na(z2)) \ {y/}. Then for any y € No(ao) \ {y/, 4",
we can construct a path

Py = yaoy”x2y2 e '$l—1?/,2’

in which y; € (Ng(x;) N Ne(zi1)) \{v, ¥, ¥" y2, ..., yi—1} for 2 < i <1 —2. Since
dg(ag) > k+r > k+ 5, we obtain the desired k + 1 paths of order 21.

2.2. Assume that Ng(X) N Ng(C'\{ao}) =0, i.e., No(C \ {ao}) C B\ Ne(X).
2.2.a. Suppose dg(X) > k+1. If ag € C, then for any y € Ng(X) and 3 <[ < k/9,
there is a path P = xy2x9---2;—1 in X such that y € Ng(z1), and y” € (Ng(z-1) N
Ne(ag)) \ {y}, and so there is a path

Py = Yr1y1T2Y2 - - '961—13///610

in which y; € (Ng(z;) N No(zi1) \ {v, ¥, v1, 92, .-, y;i—1} for 1 < i <1 —2. Since
da(X) > k + 1, we obtain desired k + 1 paths of length 21.

If a9 ¢ C, then from (3), Ng(ag) N Ng(co) # 0. Let v/ € Ng(ag) N Ng(co).
Notice that ¢ ¢ Ng(X). For any y € Ng(X) and 3 <1 < k/9, there is a path
P = 22919 in X such that y € Ng(x;). For ¢y’ € (Ng(z1—2) N Ne(ao)) \ {y},



we can construct a path

Py = Yr1y122ys - '961—2?/,@0?/00

in which y; € (Ng(x;) " Ne(zia)\{v, v, ¥, v1,y2, - .., yi—1} for 1 <i < [—3. Since
dg(X) > k + 1, we obtain the desired k + 1 paths of order 21.
2.2.b. Assume dg(X) < k. Let U = {cp,c1, ..., Crano—21} \ {ao}-

Suppose

o

da(U)
3 + 9’

and then from Claim 1 the stability of H(U, k/9) is at most 2. Let X¢ be a largest

oc(U) >

component in H(U, k/9).
If there is z € X such that Ng(z) N Ng(ag) # 0, then there is a path P =
2923+ 2z in X for any 3 <[ < k/9 where zo = z. Let ¥/ € Ng(22) N Ng(ap). For

any y € Ng(ao) \ {¢'}, we can construct
Py = yaoy’22y2 2

in which y; € (Ng(z) N Na(zie1)) \ {v, ¥, v2,...,y;i—1} for 2 < i < [ — 1. Since
dg(ag) > k + r, we obtain the desired k + 1 paths of order 21.

If No(Xc) N Ng(ag) = 0, then Ag(Xe) < k —r + 1. This implies that
da(crokpo-2141) < k—r+1. Let L = {¢; : [2k/9 — 2] +1 < i < k}. Since
| X| > 8k/9+1, | Xc| > k/9—1,

|L| = |Tk/9+2] >T7k/9+1, |[A\ (X UXcUL)| < 2k/9,
and k +r > max{k,k —r + 1},

2k* + 2k + 1 < e(G)

< Z dg(x) + Z dg<2) + Z dg<0i) + Z dg(ai)
zeX 2€Xc ceL a; €A\ (XUXcUL)
< EX|+k=-r+D)|Xe|+(E—r+ DL+ (k+7)A\ (X UXcUL)|
8 k 7 2
< k(§k+1)+(k—r+1)(§—1)+(k—r—|—1)(§k—|—1)—|—(k+7")§k
1 2
- 2k2+§7k—§k<2k2+2k+1.
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This is a contradiction.

Therefore
de(U) k _2k+1—de(X) k
d6lU) < —=3—=+35 < 3 9
Since
pr—r+1

do(X) > 6a(X) >m>k+1—7+

2k+1—dg(X) < k+r, and so

2% + 1 — dg(X))
3

kE+r> max{dG(X),Qk +1-— dg(X),

+
o >

}.
Since | X| > 8k/9+1, |U| > 2k/9—2, |L| > Tk/9+1 and |[A\ (XUUUL)| < k/9+1,

2k% 4+ 2k + 1 < ¢(G)

D da(r) + ) da(z) + Y dale)+ > dala)

reX zeU cEL a; €A\ (XUUUL)

dG(X)(gk 1) (21— dG(X))(;k; _9)
(EEH 3 d6(X) | g)(gk + 1)+ (k+ r)(g +1)

9%, Ndg(X),  8dg(X) 4T, 5

= 81k +9/€—|— 57 k+ 3 27/6 3+7“
ro 1ldg(X).  8da(X) 68 , 101, 8
_ > - it -z

= ght ke > ok kg

IN

IA

Since dg(X) <kand r <k +1

P 1lde(X) . 8de(X) kel 11k 8k
"k ! P U Oy
Lt oS SO g STk ok S b
11, 34 10 68. 101 8
RIS - By
ot Tt gt Tty

a contradiction. This completes the proof of this case and the proof of the theorem.

]
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