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Abstract

Recently, the term “algebraic statistics” arises from the study of probabilistic mod-

els and techniques for statistical inference using methods from algebra and geometry

(Sturmfels, 2008). Our study is to consider the generalization error and stochastic com-

plexity in learning theory by using the log canonical threshold in algebraic geometry.

Such thresholds correspond to the main term of the generalization error in Bayesian

estimation, which is called a learning coefficient (Watanabe, 2001a,b). The learning co-

efficient serves to measure the learning efficiencies in hierarchical learning models. In

this paper, we consider learning coefficients for Vandermonde matrix type singularities,

by using a new approach : focusing on the generators of the ideal which defines singu-

larities. We give new tight bound values of learning coefficients for the Vandermonde

matrix type singularities and the explicit values with certain conditions. By applying
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our results, the learning coefficients of three layered neural networks and normal mix-

ture models are shown.

1 Introduction

In this paper, we consider the generalization error and stochastic complexity in learning

theory by using a log canonical threshold in algebraic geometry.

The log canonical thresholdλZ(Y, f) is analytically defined by

λZ(Y, f) = sup{c : |f |−c is locallyL2 nearZ},

overC and

λZ(Y, f) = sup{c : |f |−c is locallyL1 nearZ},

overR for a nonzero holomorphic functionf overC or an analytic functionf overR

on a smooth varietyY , whereZ ⊂ Y is a closed subscheme (Kollár, 1997; Mustata,

2002). It is known that iff is a polynomial or a convergent power series,λ0(Cd, f)

is the largest root of the Bernstein-Sato polynomialb(s) ∈ C[s] of f , whereb(s)f s =

Pf s+1 for a linear differential operatorP (Bernstein, 1972; Bj̋ork, 1979; Kashiwara,

1976). The log canonical thresholdλZ(Y, f) also corresponds to the largest pole of∫
nearZ |f |2ξψ(w)dw overC, (

∫
nearZ |f |ξψ(w)dw overR) for a complex variableξ,

whereψ(w) is aC∞− function with a compact support andψ(w) ̸= 0 onZ.

Such thresholds serve to measure the learning efficiencies in hierarchical learning

models, i.e., they correspond to the main terms of generalization errors in learning

systems.

The purpose of the learning system is to estimate an unknown true density function

which distributes data. Real data associated with genetic analysis, data mining, image or

speech recognition, artificial intelligence, the control of a robot, time series prediction,

and so on, are very complicated and usually not generated by a simple normal distribu-

tion. Hierarchical learning models such as the layered neural network, the Boltzmann

machine, the reduced rank regression and the normal mixture model are known to be

effective learning models for analyzing such data. They are, however, non-regular sta-

tistical models, which cannot be analyzed using the classic theories of regular statistical

models (Hartigan, 1985; Sussmann, 1992; Hagiwara et al., 1993; Fukumizu, 1996).
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Figure 1: Simple three layered neural network : One input unit, one output unit and two

hidden units. The outputy is expressed byy = a1 tanh(b1x) + a2 tanh(b2x) + (noise)

wherex is the input.

For example, consider a simple three layered neural network that has one input unit,

one output unit and two hidden units (Fig. 1). The model is expressed by the probability

form of one inputx ∈ R, one outputy ∈ R with a parameterw = (a1, a2, b1, b2) ∈ R4:

p(y|x,w) =
1√
2π

exp(−1

2
(y − a1 tanh(b1x) − a2 tanh(b2x))

2).

Assume that the true density function isp(y|x,w∗
t ) with w∗

t = 0. Then the true parame-

ter set is{w = (a1, a2, b1, b2) ∈ R4|p(y|x,w∗
t ) = p(y|x,w)} = {w = (a1, a2, b1, b2) ∈

R4|a1 tanh(b1x) + a2 tanh(b2x) = 0, for anyx} = {b1 = ±b2, a1 = ∓a2} ∪ {a1b1 =

a2b2 = 0}. This set does not consist of only one point, resulting in a non-positive def-

inite Fisher information matrix. Usually, the true parameter set of non-regular models

is an analytic set with complicated singularities. Consequently, it is difficult to solve

theoretical problems, such as clarifying generalization errors in learning theory.

The generalization error measures the difference between the true density function

q(z) and the predictive density functionp(z|(z)n) obtained usingn distributed training

samples(z)n = (z1, . . . , zn) of z from the true density functionq(z).

In the case of Figure 1, the notationz corresponds to(x, y), and we havep(x, y|w) =

p(y|x,w)q(x) with a probability density functionq(x) of an input valuex.

We define it as the average Kullback distance betweenq(z) andp(z|(z)n):

G(n) = En{
∫
q(z) log

q(z)

p(z|(z)n)
dz},

whereEn is the expectation value overn training samples. This function clarifies pre-

cisely howp(z|(z)n) can approximateq(z). Thus,G(n) is also called a learning curve

or a learning efficiency. The classic model selection methods of regular statistical mod-

els such as AIC (Akaike, 1974), TIC (Takeuchi, 1976), HQ (Hannan & Quinn, 1979),
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NIC (Murata et al., 1994), BIC (Schwarz, 1978), and MDL (Rissanen, 1984), cannot

apply to the generalization error for non-regular models, since the true parameter set of

regular models should be one point and its Fisher information matrix is positive def-

inite. Therefore, it is important to construct a mathematical foundation for clarifying

generalization errors of non-regular models. It is well known that Bayesian estimation

is more appropriate than the maximum likelihood method when a learning machine is

non-regular (Akaike, 1980; Mackay, 1992). We usually consider the generalization er-

ror in terms of a direct and an inverse problem. The direct problem involves solving

the generalization error with a known true density function. The inverse problem is

finding proper learning models and learning algorithms to minimize the generalization

error under the condition of an unknown true density function. The inverse problem is

important for practical usage, but in order to solve it, we first need to solve the direct

problem. In this paper, we consider the direct problem of Vandermonde matrix type

singularities over the real field (Definition 4).

(a) (b)

Figure 2: (a) The three layered neural network :N input units,M output units andH

hidden units. The outputyk is expressed byyk =
∑H

i=1 aki tanh(
∑N

j=1 bijxj) + (noise)

wherexj is an input. (b) The normal mixture model with identity matrix variances:

p(z|w) = 1
(2π)N/2

∑H
i=1 ai exp(−

∑N
j=1(zj−bij)

2

2
), with

∑H
i=1 ai = 1, ai ≥ 0, which hasH

peaks.

By focusing on the generators of the ideal which defines singularities, we firstly

show that learning coefficients for the three layered neural network and for normal

mixture models with identity matrix variances are obtained by the Vandermonde matrix

type singularities (Theorem 8 and Theorem 9 Fig. 2). Next, we have (1) new tight bound

values of learning coefficients for the Vandermonde matrix type singularities (Theorem
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10), and (2) the explicit values under certain conditions (Theorem 11). The explicit

values in Theorem 11 are equal to the bound values in Theorem 10. By applying these

results, we have the learning coefficients for the three layered neural network and for

the normal mixture models (Theorem 12, Theorem 13).

Learning coefficients for mixtures of binomial distributions are also obtained by

Vandermonde matrix type singularities (Yamazaki et al. (2010)). The Vandermonde

matrix type is a generic one in neural computation because almost all singularities in

neural computation are classified into the Vandermonde matrix type.

We have already obtained learning coefficients for the three layered neural network

with one input unit and one output unit (Aoyagi, 2005a, 2006). Learning coefficients in

the case of the normal mixture models with dimension one have been obtained recently

(Aoyagi, 2010a). We have also obtained the exact asymptotic forms of the general-

ization errors for the reduced rank regression (Aoyagi, 2005b) and for the restricted

Boltzmann machine model (Aoyagi, 2010b). Rusakov & Geiger (2005) obtained them

for Naive Bayesian networks.

This paper consists of five sections. In Section 2, we summarize the framework

of Bayesian learning models. Section 3 describes our main results. To confirm our

theoretical results, numerical experiments are shown in Section 4, and we give our

conclusions in Section 5.

2 Generalization error and stochastic complexity in Bayesian

estimation

In this paper, we consider the stochastic complexity and the generalization error in

Bayesian estimation.

Let q(z) be a true probability density function and(z)n := {zi}n
i=1 ben training

independent and identical samples fromq(z). Consider a learning model which is writ-

ten by a probability formp(z|w), wherew is a parameter. The purpose of the learning

system is to estimateq(z) from (z)n by usingp(z|w).

Let p(w|(z)n) be thea posterioriprobability density function:

p(w|(z)n) =
1

Zn

ψ(w)
n∏

i=1

p(zi|w),
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whereψ(w) is ana priori probability density function on the parameter setW and

Zn =

∫
W

ψ(w)
n∏

i=1

p(zi|w)dw.

So the average inferencep(z|(z)n) of the Bayesian density function is given by

p(z|(z)n) =

∫
p(z|w)p(w|(z)n)dw,

which is the predictive density function.

Set

K(q||p) =

∫
q(z) log

q(z)

p(z|(z)n)
dz.

This function always has a nonnegative value and satisfiesK(q||p) = 0 if and only if

q(z) = p(z|(z)n).

The generalization errorG(n) is its expectation valueEn overn training samples:

G(n) = En{
∫
q(z) log

q(z)

p(z|(z)n)
dz}.

Let

Kn(w) =
1

n

n∑
i=1

log
q(zi)

p(zi|w)
.

The average stochastic complexity or the free energy is defined by

F (n) = −En{log

∫
exp(−nKn(w))ψ(w)dw}.

Then we haveG(n) = F (n+1)−F (n) for an arbitrary natural numbern (Levin et al.,

1990; Amari et al., 1992; Amari & Murata, 1993).F (n) is known as the Bayesian cri-

terion in Bayesian model selection (Schwarz, 1978), stochastic complexity in universal

coding (Rissanen, 1986; Yamanishi, 1998), Akaike’s Bayesian criterion in optimization

of hyperparameters (Akaike, 1980) and evidence in neural network learning (Mackay,

1992). In addition,F (n) is an important function for analyzing the generalization error.

It has recently been proved that the largest pole of a zeta function gives the general-

ization error of hierarchical learning models asymptotically (Watanabe, 2001a,b, 2010).

We assume that the true density distributionq(z) is included in the learning model, i.e.,

q(z) = p(z|w∗
t ) for w∗

t ∈ W , whereW is the parameter space.

Define the zeta functionJ(ξ) of a complex variableξ for the learning model by

J(ξ) =

∫
K(w)ξψ(w)dw,
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whereK(w) is the Kullback function:

K(w) =

∫
p(z|w∗

t ) log
p(z|w∗

t )

p(z|w)
dz.

Then, for the largest pole−λ of J(ξ) and its orderθ, we have

F (n) = λ log n− (θ − 1) log log n+O(1), (1)

whereO(1) is a bounded function ofn, and

G(n) ∼=
λ

n
− θ − 1

n log n
asn→ ∞. (2)

Therefore, our aim in this paper is to obtainλ andθ.

To assist in achieving this aim, we use the desingularization in algebraic geometry

(Watanabe, 2009; Fulton, 1993). In algebraic geometry, a learning coefficient corre-

sponds to a log-canonical threshold. Many studies on it in algebraic geometry have

usually been done on an algebraically closed field such as the complex field. One of the

recent results is relating to arc spaces by Mustata (2002). Our study is over the real field

and it is therefore, a new problem, even in mathematics, to obtain desingularizations of

such Kullback functions.

3 Main Results

In this section, we show our main results.

3.1 Learning coefficients for Vandermonde matrix type singulari-

ties

In this paper, we denote bya∗, b∗, w∗ constants, using the suffix∗. Also for simplicity,

we denotew = {aki, bij}1≤i≤H instead ofw = {aki, bij}1≤k≤M,1≤i≤H,1≤j≤N , in this

paper.

Define the norm of a matrixC = (cij) by ||C|| =
√∑

i,j |cij|2. SetN+0 = N∪{0}.

Definition 1 Letλw∗(f) be the largest pole of
∫

U
|f |ξψdw andθw∗(f) its order, where

U is a sufficiently small neighborhood ofw∗, f is a real analytic function in a neigh-

borhood ofw∗ andψ is aC∞ function with compact support andψ(w∗) ̸= 0.
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We give below Lemma 2 as they are frequently used in this paper.

Lemma 2 (Aoyagi (2009, 2010a); Lin (2010))LetU be a neighborhood ofw∗ ∈ Rd.

Let I be the ideal generated byf1, . . . , fn which are analytic functions defined onU .

Also letψ(w) be aC∞ function onU with compact support. Ifg1, . . . , gm ∈ I, then

λw∗(f2
1 + · · · + f2

n) is greater thanλw∗(g2
1 + · · · + g2

m). In particular, if g1, . . . , gm

generate the idealI then

λw∗(f 2
1 + · · · + f2

n) = λw∗(g2
1 + · · · + g2

m).

(Proof)

The factg2
1 + · · · + g2

m ≤ P (f2
1 + · · · + f2

n) for P >> 1 yields this lemma.

Q.E.D.

Definition 3 Fix Q ∈ N. Define[b∗1, b
∗
2, · · · , b∗N ]Q = γi(0, · · · , 0, b∗i , · · · , b∗N) if b∗1 =

· · · = b∗i−1 = 0, b∗i ̸= 0, andγi =

 1 if Q is odd,

|b∗i |/b∗i if Q is even.

Definition 4 Fix Q ∈ N andm ∈ N+0.

LetA =


a11 · · · a1H a∗1,H+1 . . . a∗1,H+r

a21 · · · a2H a∗2,H+1 . . . a∗2,H+r

...
...

aM1 · · · aMH a∗M,H+1 . . . a∗M,H+r

, I = (ℓ1, . . . , ℓN) ∈ N+0
N ,

BI = (
N∏

j=1

b
ℓj

1j,
N∏

j=1

b
ℓj

2j, · · · ,
N∏

j=1

b
ℓj

Hj,
N∏

j=1

b∗H+1,j
ℓj , · · · ,

N∏
j=1

b∗H+r,j
ℓj)t,

and

B = (BI)ℓ1+···+ℓN=Qn+m,n≥0 = (B(m,0,··· ,0), B(m−1,1,··· ,0), · · · , B(0,0,··· ,m), B(m+Q,0,··· ,0), · · · )

(t denotes the transpose).

aki andbij (1 ≤ k ≤ M, 1 ≤ i ≤ H, 1 ≤ j ≤ N) are the variables in a neighbor-

hood ofa∗ki andb∗ij, wherea∗ki andb∗ij are fixed constants.

LetI be the ideal generated by the elements ofAB.

We call singularities ofI Vandermonde matrix type singularities.
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To simplify, we usually assume that

(a∗1,H+j, a
∗
2,H+j, · · · , a∗M,H+j)

t ̸= 0, (b∗H+j,1, b
∗
H+j,2, · · · , b∗H+j,N) ̸= 0,

for 1 ≤ j ≤ r and

[b∗H+j,1, b
∗
H+j,2, · · · , b∗H+j,N ]Q ̸= [b∗H+j′,1, b

∗
H+j′,2, · · · , b∗H+j′,N ]Q,

for j ̸= j′.

The Vandermonde matrix type singularities are degenerate with respect to their

Newton polyhedrons (Fulton, 1993), their singularities are not isolated.

In general, singularities appeared in learning theory have such properties, and there-

fore, obtaining the log canonical thresholds is a still difficult problem.

Remark 1 The idealI in Definition 4 is also generated by the elements ofAB′ where

B′ = (BI)ℓ1+···+ℓN=Qn+m,0≤n≤H+r−1.

Example 5 If m = N = M = r = 1,Q = H = 2, then we haveA =
(
a11 a12 a∗13

)
,

B′ =


b11 b311 b511

b21 b321 b521

b∗31 b∗31
3 b∗31

5

.

TheseA,B′ are for the simple neural network in Figure 1:

p(y|x,w) =
1

(2π)1/2
exp(−1

2
(y − a11 tanh(b11x) − a12 tanh(b21x))

2),

and the true distribution

p(y|x,w∗
t ) =

1

(2π)1/2
exp(−1

2
(y + a∗13 tanh(b∗31x))

2).

Example 6 If Q = m = M = r = 1,H = 2, N = 2, then we haveA =
(
a11 a12 a∗13

)
,

B′ =


b11 b12 b211 b11b12 b212 b311 b11b

2
12 b211b12 b312

b21 b22 b221 b21b22 b222 b321 b21b
2
22 b221b22 b322

b∗31 b∗32 b∗31
2 b∗31b

∗
32 b∗32

2 b∗31
3 b∗31b

∗
32

2 b∗31
2b∗32 b∗32

3

.
If a∗13 = −1, theseA,B′ are for a normal mixture model with identity matrix vari-

ances

p(z|w) =
a11

2π
exp(−(z1 − b11)

2 + (z2 − b12)
2

2
)+
a12

2π
exp(−(z1 − b21)

2 + (z2 − b22)
2

2
),
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∑2
i=1 a1i = 1, a1i ≥ 0, and the true distribution is

p(z|w∗
t ) =

1

2π
(−a∗13) exp(−(z1 − b∗31)

2 + (z2 − b∗32)
2

2
),−a∗13 = 1.

In this paper, we denote

AM,H =


a11 a12 · · · a1H

a21 a22 · · · a2H

...

aM1 aM2 · · · aMH

, BH,N,I =


∏N

j=1 b1j
ℓj∏N

j=1 b2j
ℓj

...∏N
j=1 bHj

ℓj

and

B
(Q,m)
H,N = (BH,N,I)ℓ1+...+ℓN=Qn+m,0≤n≤H−1.

Also we denote

(AM,H , a
∗) =


a11 a12 · · · a1H a∗1,H+1

a21 a22 · · · a2H a∗2,H+1

...

aM1 aM2 · · · aMH a∗M,H+1

,
 BH,N,I

b∗

 =



∏N
j=1 b1j

ℓj∏N
j=1 b2j

ℓj

...∏N
j=1 bHj

ℓj∏N
j=1 b

∗
H+1,j

ℓj



and

 B
(Q,m)
H,N

b∗

 =

 BH,N,I

b∗


ℓ1+...+ℓN=Qn+m,0≤n≤H

, wherea∗ =


a∗1,H+1

...

a∗M,H+1


andb∗ = (b∗H+1,1, · · · , b∗H+1,N).

Theorem 7 (Aoyagi (2010a))Consider a sufficiently small neighborhoodU of

w∗ = {a∗ki, b
∗
ij}1≤i≤H ,

and variablesw = {aki, bij}1≤i≤H in the setU .

Set(b∗∗01, b
∗∗
02, · · · , b∗∗0N) = (0, . . . , 0).

Let each(b∗∗11, b
∗∗
12, · · · , b∗∗1N), . . ., (b∗∗r′1, b

∗∗
r′2, · · · , b∗∗r′N) be a different real vector in

[b∗i1, b
∗
i2, · · · , b∗iN ]Q ̸= 0, for i = 1, . . . , H + r.

That is,

{(b∗∗11, · · · , b∗∗1N), . . . , (b∗∗r′1, · · · , b∗∗r′N) ; [b∗i1, · · · , b∗iN ]Q ̸= 0, i = 1, . . . , H + r}.
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Thenr′ is uniquely determined andr′ ≥ r by the assumption in Definition 4, and

set(b∗∗i1 , · · · , b∗∗iN) = [b∗H+i,1, · · · , b∗H+i,N ]Q, for 1 ≤ i ≤ r.

Assume that

[b∗i1, · · · , b∗iN ]Q =



0, 1 ≤ i ≤ H0

(b∗∗11, · · · , b∗∗1N), H0 + 1 ≤ i ≤ H0 +H1,

(b∗∗21, · · · , b∗∗2N), H0 +H1 + 1 ≤ i ≤ H0 +H1 +H2,
...

(b∗∗r′1, · · · , b∗∗r′N), H0 + · · · +Hr′−1 + 1 ≤ i ≤ H0 + · · · +Hr′ ,

andH0 + · · · +Hr′ = H.

Then we have

λw∗(||AB||2) = λw(0)∗(||AM,H0B
(Q,m)
H0,N ||2)

+
r∑

α=1

λw(α)∗(||(AM,Hα , a
(α)∗)

 B
(1,0)
Hα,N

b(α)∗

||2) +
r′∑

α=r+1

λw(α)∗(||AM,HαB
(1,0)
Hα,N ||

2),

wherew(0)∗ = {a∗ki, 0}1≤i≤H0 , w
(α)∗ = {a∗k,H0+···+Hα−1+i, b

∗∗
αj}1≤i≤Hα , a

(α)∗ =


a∗1,H+α

...

a∗M,H+α


andb(α)∗ = (b∗∗α1, · · · , b∗∗αN) for α ≥ 1.

Moreover,

λw∗(||AB||2) =
Mr′

2
+ λ

w
(0)
1

∗(||AM,H0B
(Q,m)
H0,N ||2)

+
r∑

α=1

λ
w

(α)
1

∗(||(AM,Hα−1, a
(α)∗)B

(1,1)
Hα,N ||

2) +
r′∑

α=r+1

λ
w

(α)
1

∗(||AM,Hα−1B
(1,1)
Hα−1,N ||

2),

wherew(0)
1

∗
= {a∗ki, 0}1≤i≤H0 ,

w
(α)
1

∗
= {a∗k,H0+···+Hα−1+i, 0}2≤i≤Hα anda(α)∗ =


a∗1,H+α

...

a∗M,H+α

 for α ≥ 1.

Theorem 7 is used for the proofs of Theorems 8 and 9.

3.2 Three layered neural network

Consider the three layered neural network withN input units,H hidden units andM

output units which is trained for estimating the true distribution withr hidden units.
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Denote an input value byx = (xj) ∈ RN with a probability density functionq(x).

Then an output valuey = (yk) ∈ RM of the three layered neural network is given by

yk = fk(x,w) + (noise), wherew = {aki, bij}1≤i≤H and

fk(x,w) =
H∑

i=1

aki tanh(
N∑

j=1

bijxj).

Consider a statistical model

p(y|x,w) =
1

(2π)M/2
exp(−1

2
||y − f(x,w)||2),

andp(x, y|w) = p(y|x,w)q(x). Assume that the true distribution

p(y|x,w∗
t ) =

1

(2π)M/2
exp(−1

2
||y − f(x,w∗

t )||2),

is included in the learning model, wherew∗
t = {a∗k,H+i, b

∗
H+i,j}1≤i≤r andfk(x,w

∗
t ) =∑r

i=1(−a∗k,H+i) tanh(
∑N

j=1 b
∗
H+i,jxj).

Suppose that ana priori probability density functionψ(w) is aC∞− function with

a compact supportW whereψ(w∗
t ) > 0. We have

p(x, y|w) =
1

(2π)M/2
exp(−1

2
||y − f(x,w)||2)q(x),

and the notaion(x, y) for the three layered neural network corresponds toz in Section

2.

LetA =


a11 a12 · · · a1H a∗1,H+1 · · · a∗1,H+r

a21 a22 · · · a2H a∗2,H+1 · · · a∗2,H+r

...

aM1 aM2 · · · aMH a∗M,H+1 · · · a∗M,H+r

, I = (ℓ1, . . . , ℓN) ∈

N+0
N ,

BI = (
N∏

j=1

b
ℓj

1j,

N∏
j=1

b
ℓj

2j, · · · ,
N∏

j=1

b
ℓj

Hj,

N∏
j=1

b∗H+1,j
ℓj , · · · ,

N∏
j=1

b∗H+r,j
ℓj)t,

andB = (BI)ℓ1+···+ℓN=2n−1,1≤n≤H+r. Set

Ψ = ||AB||2ξdadb.

Theorem 8 Consider a sufficiently small neighborhoodU of w∗ = {a∗ki, b
∗
ij}1≤i≤H ,

where||AB|| = 0 atw∗. Letw = {aki, bij}1≤i≤H be inU .

The learning coefficient for the three layered neural network is the largest pole of∫
||AB||<1

Ψ, i.e.,λw∗(||AB||2) withQ = 2 andm = 1.

12



This is proved by using a Taylor expansiontanh(x) = x + c1x
3 + c2x

5 + · · ·

(c1, c2, . . . ∈ R) together with Lemma 5 in (Watanabe, 2001a).

3.3 Normal mixture model

We consider a normal mixture model with identity matrix variances

p(z|w) =
1

(2π)N/2

H∑
i=1

ai exp(−
∑N

j=1(zj − bij)
2

2
),

wherew = {ai, bij}1≤i≤H and
∑H

i=1 ai = 1, ai ≥ 0.

Set the true distribution by

p(z|w∗
t ) =

1

(2π)N/2

H+r∑
i=H+1

(−a∗i ) exp(−
∑N

j=1(zj − b∗ij)
2

2
),

wherew∗
t = {a∗i , b∗ij}H+1≤i≤H+r and

∑H+r
i=H+1 a

∗
i = −1, a∗i < 0. (In order to simplify

the followings, we use the valuesa∗i < 0 nota∗i > 0. )

Suppose that ana priori probability density functionψ(w) is aC∞− function with

a compact supportW whereψ(w∗
t ) > 0.

LetA = (a1, · · · , aH , a
∗
H+1, . . . , a

∗
H+r), I = (ℓ1, . . . , ℓN) ∈ N+0

N ,

BI = (
N∏

j=1

b
ℓj

1j,
N∏

j=1

b
ℓj

2j, · · · ,
N∏

j=1

b
ℓj

Hj,
N∏

j=1

b∗H+1,j
ℓj , · · · ,

N∏
j=1

b∗H+r,j
ℓj)t,

andB = (BI)ℓ1+···+ℓN=n,1≤n≤H+r (t denotes the transpose).

Then the learning coefficient of the normal mixture model is the largest pole of∫
Ψ =

∫
||AB||2<1

||AB||2ξ

H∏
i=1

dai

H∏
i=1

N∏
j=1

dbij, (3)

with
∑H

j=1 aj = 1, ai ≥ 0 and
∑H+r

j=H+1 a
∗
j = −1, a∗j < 0 (Watanabe et al., 2004).

Note that we have the relations
∑H

j=1 aj = 1, ai ≥ 0 and
∑H+r

j=H+1 a
∗
j = −1, a∗j < 0.

We need to modify the function||AB||2 for obtaining the largest pole of
∫

Ψ by using

Vandermonde matrix type singularities. The following theorem is available for such

purpose.

Theorem 9 Consider a sufficiently small neighborhoodU of w∗ = {a∗i , b∗ij}1≤i≤H ,

where||AB|| = 0 atw∗. Letw = {ai, bij}1≤i≤H be inU .

13



Let each(b∗∗11, b
∗∗
12, · · · , b∗∗1N), . . ., (b∗∗r′1, b

∗∗
r′2, · · · , b∗∗r′N) be a different real vector in

(b∗i1, b
∗
i2, · · · , b∗iN) for i = 1, . . . , H + r, that is,

{(b∗∗11, · · · , b∗∗1N), . . . , (b∗∗r′1, · · · , b∗∗r′N) ; (b∗i1, · · · , b∗iN), i = 1, . . . , H}.

Thenr′ is uniquely determined andr′ ≥ r by the assumption in Definition 4, and

set(b∗∗i1 , · · · , b∗∗iN) = (b∗H+i,1, · · · , b∗H+i,N), for 1 ≤ i ≤ r.

Assume that

(b∗i1, · · · , b∗iN) =



(b∗∗11, · · · , b∗∗1N), 1 ≤ i ≤ H1,

(b∗∗21, · · · , b∗∗2N), H1 + 1 ≤ i ≤ H1 +H2,
...

(b∗∗r′1, · · · , b∗∗r′N), H1 + · · · +Hr′−1 + 1 ≤ i ≤ H1 + · · · +Hr′ ,

andH1 + · · · +Hr′ = H.

Then we have

λw∗(||AB||2) =
r′−1∑
α=1

λ
w

(α)
1

∗
(
a

(α)
1

2)
+

r∑
α=1

λw(α)∗(||(A1,Hα−1, a
∗
H+α)B

(1,1)
Hα,N ||

2) +
r′∑

α=r+1

λw(α)∗(||A1,Hα−1B
(1,1)
Hα−1,N ||

2),

wherew(α)
1

∗
=

 a∗H1+···+Hα−1+1 + · · · + a∗H1+···+Hα
+ a∗H+α, 1 ≤ α ≤ r,

a∗H1+···+Hα−1+1 + · · · + a∗H1+···+Hα
, r + 1 ≤ α ≤ r′ − 1,

w(α)∗ = {a(α)
i

∗
, b

(α)
ij

∗
}2≤i≤Hα = {a∗H1+···+Hα−1+i, 0}2≤i≤Hα.

The proof for this theorem appears in Appendix A.

Theorem 9 is proved by using Theorem 7.

These Theorems 8 and 9 show that both learning coefficients for the three layered

neural network and the normal mixture model are obtained by using Vandermonde ma-

trix type singularities.

3.4 New bound values of learning coefficients

The next theorem gives new bound values of the largest pole for Vandermonde matrix

type singularities. Let⟨k
l
⟩ =

k!

l!(k − l)!
, for natural numbersk, l.

Theorem 10 We use the same notations as in Theorem 7. We have the followings.

14



Letboundi =



MH

2
, if mM ≤ N − 1, andi = 1,

mM(H − 1) +N

2m
, if mM ≤ N − 1, andi = 2,

NH

2m
, if N ≤ mM ≤ m(N − 1),

NH

2m
, if M ≥ N, (N − 1)(m− 1) ≥ 1,

2HN +Q(M(1 + k) + (N − 1)(2H − k − 1))k

4Qk + 4m
,

if M ≥ N, (N − 1)(m− 1) = 0,

for i = 1, 2, wherek = max{i ∈ Z; 2H ≥ (Qi(i− 1) + 2mi)(M −N + 1)}.

Also letbound3 =
NH +

∑k′−1
i=0 MQ(k′ − i)⟨N+m+Qi−1

N−1
⟩

2m+ 2Qk′
,

wherek′ = max{i ∈ Z;NH ≥M
∑i−1

i′=0(m+Qi′)⟨N+m+Qi′−1
N−1

⟩}.

We have

λ0(||AM,HB
(Q,m)
H,N ||2) ≤ min{bound1, bound3},

λ0(||(AM,H−1, a
∗)B

(Q,m)
H,N ||2) ≤ min{bound2, bound3}.

The proof appears in Appendix B.

Remark 2 We have

min
A∗

M,H−1

λ(A∗
M,H−1,0)(||(AM,H−1, a

∗)B
(Q,m)
H,N ||2) = λ0(||(AM,H−1, a

∗)B
(Q,m)
H,N ||2).

3.5 Exact values of learning coefficients

Theorem 11 Case 1Consider the case ofH = 1. We have

λ0(∥AM1B
(Q,m)
1N ∥2) = min{M

2
,
N

2m
}, and its orderθ0(∥AM1B

(Q,m)
1N ∥2) =

 1, if mM ̸= N,

2, if mM = N,

and

λ0(∥a∗B
(Q,m)
1N ∥2) =

N

2m
, and its orderθ0(∥AM1B

(Q,m)
1N ∥2) = 1.

Case 2Consider the case ofH = 2.

1. Letλ = λ0(∥AM2B
(Q,m)
2N ∥2), andθ its order.

Then we have

(a) If mM ≤ N − 1 thenλ = M andθ = 1.

15



(b) If m = 1,M = N , thenλ = 2N+Q(2N−1)
2(Q+1)

andθ = 1.

(c) If m = 1,N = M − 1 thenλ = N andθ = 2.

(d) If m = 1,N < M − 1 thenλ = N andθ = 1.

(e) If m = 2,N = 1,M = 1, thenλ = 1
2

andθ = 2.

(f) If m = 2,N < mM ,M > 1 thenλ = N
m

andθ = 1.

(g) If m ≥ 2,N = mM thenλ = N
m

andθ = 3.

(h) If m > 2,N < mM thenλ = N
m

andθ = 1.

2. Letλ = λ0(∥(AM1, a
∗)B

(Q,m)
2N ∥2), andθ its order.

Then

(a) If m ≥ 2,mM ≤ N − 1 thenλ = mM+N
2m

andθ = 1.

(b) If m = 1,N ≥M +Q+ 1 thenλ = N+M
2

andθ = 1.

(c) If m = 1,N = M +Q thenλ = N+M
2

andθ = 2.

(d) If m = 1,M + 1 ≤ N ≤M +Q− 1 thenλ = 2N+Q(2N−1)
2(Q+1)

andθ = 1.

(e) If m = 1,N = M thenλ = 2N+Q(2N−1)
2(Q+1)

andθ = 1.

(f) If m = 1,N = M − 1 thenλ = N andθ = 2.

(g) If m = 1,N < M − 1 thenλ = N andθ = 1.

(h) If m = 2,N = 1,M = 1, thenλ = 1
2

andθ = 2.

(i) If m = 2,N < mM ,M > 1 thenλ = N
m

andθ = 1.

(j) If m ≥ 2,N = mM thenλ = N
m

andθ = 2.

(k) If m > 2,N < mM thenλ = N
m

andθ = 1.

Its proof appears in Appendix C.

3.6 A learning coefficient for three layered neural network

By using Section 3.4 and 3.5, we have the followings.
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Theorem 12 Consider the three layered neural network withN input units,H hidden

units andM output units which is trained for estimating the true distribution withr

hidden units. Then their learning coefficientsλ andθ in (1) and (2) are as follows.

Let

bound0 =
Mr

2
+ min

H0+···+Hr=H
{H0N + (M(1 + k0) + (N − 1)(2H0 − k0 − 1))k0

4k0 + 2

+
r∑

α=1

2HαN + (M(1 + kα) + (N − 1)(2Hα − kα − 1))kα

4kα + 4
}

=
Mr

2
+
H(N − 1)

2
+ min{r

2
+
H − r + (M −N + 1)(k′ + k′2)

4k′ + 2
,

r − 1

2
+

2(H − r + 1) + (M −N + 1)(k′′ + k′′2)

4k′′ + 4
},

wherek0 = max{i ∈ Z;H0 ≥ i2(M − N + 1)}, kα = max{i ∈ Z; 2Hα ≥ (i2 +

i)(M − N + 1)} for α ≥ 1, k′ = max{i ∈ Z;H − r ≥ i2(M − N + 1)} and

k′′ = max{i ∈ Z; 2(H − r − 1) ≥ (i2 + i)(M −N + 1)}.

Also letbound3 =
N(H − r) +

∑k′−1
i=0 2M(k′ − i)⟨N+2i

N−1
⟩

2 + 4k′
,

wherek′ = max{i ∈ Z;N(H − r) ≥M
∑i−1

i′=0(1 + 2i′)⟨N+2i′

N−1
⟩}.

If M < N , thenλ ≤ min{MH +Nr

2
,
(M +N)r

2
+ bound3}.

If M ≥ N , thenλ ≤ min{bound0, bound3}.

Especially,

1. H − r = 0 : λ = r(M+N
2

), θ = 1.

2. H = 1, r = 0 : λ = min{M
2
, N

2
}, θ =

 1, if M ̸= N,

2, if M = N.

3. H − r = 1, r ≥ 1 :

(a) If N > M + 1 thenλ = (r − 1)(M+N
2

) + 2M+N
2

andθ = 1.

(b) If N = M + 1 thenλ = (r − 1)(M+N
2

) + 2M+N
2

andθ = 2.

(c) If N = M thenλ = (r − 1)(M+N
2

) + 3M+3N−1
4

andθ = 1.

(d) If N = M − 1 thenλ = (r − 1)(M+N
2

) + M+2N
2

andθ = 2.

(e) If N < M − 1 thenλ = (r − 1)(M+N
2

) + M+2N
2

andθ = 1.

4. H = 2, r = 0 :

17



(a) If N ≥M + 1 thenλ = M andθ = 1.

(b) If N = M thenλ = 3M−1
3

andθ = 1.

(c) If N = M − 1 thenλ = N andθ = 2.

(d) If N < M − 1 thenλ = N andθ = 1.

Our results are tighter than Watanabe’s bounds (Watanabe (2001c)).

Its proof appears in Appendix D.

Remark 3 See Lemma 17 in Appendix D about

min{r
2
+
H − r + (M −N + 1)(k′ + k′2)

4k′ + 2
,
r − 1

2
+

2(H − r + 1) + (M −N + 1)(k′′ + k′′2)

4k′′ + 4
},

in detail.

3.7 A learning coefficient for normal mixture model

By using section 3.4, 3.5 similarly and by the theorem of dimension one(N = 1) in the

paper (Aoyagi (2010a)), we have the followings.

Theorem 13 Consider normal mixture models withH peaks and the true distribution

with r peaks. Then their learning coefficientsλ andθ in (1) and (2) are as follows.

Letbound3 =
N(H − r + 1) +

∑k′−1
i=0 (k′ − i)⟨N+i

N−1
⟩

2 + 2k′
,

wherek′ = max{i ∈ Z;N(H − r + 1) ≥
∑i−1

i′=0(1 + i′)⟨N+i′

N−1
⟩}.

If 1 < N , thenλ ≤ min{H − 1 +Nr

2
,
(N + 1)(r − 1)

2
+ bound3}.

If N = 1, then

λ = r − 1 +
i+ i2 + 2(H − (r − 1))

4(i+ 1)
, θ =

 1, if i2 + i < 2(H − (r − 1)),

2, if i2 + i = 2(H − (r − 1)),

wherei = max{j ∈ Z ; j2 + j ≤ 2(H − (r − 1))}.

Especially,

1. H − r = 0 : λ = r−1+rN
2

, θ = 1.

2. H − r = 1 :

(a) If N > 2, λ = r(N+1)
2

, θ = 1.

(b) If N = 2, λ = 3r
2

, θ = 2.

(c) If N = 1, λ = 3
4

+ r − 1, θ = 1.
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4 Numerical Analysis

In order to confirm our theoretical results, we simulated Bayesian estimation of nor-

mal mixture models, and compared the theoretical value of the coefficientλ and its

numerical value.

4.1 Numerical Setting

We use the same notations in Section 3.3.

We experimented onN dimensional training data, whereN = 1, · · · , 4. Set by

(r,H) = (1, 2), (2, 3), wherer is the number of peaks for a true distribution andH

is the one for a learner distribution. Consequently, we simulated the eight cases of

Bayesian estimation of normal mixture models. Then, the theoretical value of their

largest pole−λ of J(ξ) and its orderθ can be calculated from Theorem 13, which are

shown in Table 1.

N r H λ θ N r H λ θ

case 1 1 1 2 0.75 1 case 5 1 2 3 1.75 1

case 2 2 1 2 1.50 2 case 6 2 2 3 3.00 2

case 3 3 1 2 2.00 1 case 7 3 2 3 4.00 1

case 4 4 1 2 2.50 1 case 8 4 2 3 5.00 1

Table 1: The theoretical value of the largest poles−λ of J(ξ) and its orderθ for our

experimental conditions.

The numbern of training data was set 200, 400, 600, 800 and 1000. Thea priori

distributionψ(w) was defined by the uniform distribution for the mixing ratio−a∗i and

the N-dimensional normal distribution whose mean and variance are respectively0.0

and10.0 for each meanb∗i of the peaks.

In Bayesian estimation, it is necessary for calculating the expectation over thea

posteriori distribution. For this purpose, in our experiments, we used the exchange

Monte Carlo (EMC) method for sampling from thea posterioridistribution. The ex-

change Monte Carlo (EMC) method, one of the Markov chain Monte Carlo methods, is

found to be appropriate for sampling from thea posterioridistribution in non-regular
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(a) true distribution (b) predictive distribution
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Figure 3: Examples of a true distribution and of the corresponding numerical predictive

distribution in the case thatN = 2, r = 2, H = 3.

statistical models such as neural networks and normal mixture models (Nagata, 2008a).

The detailed setting of EMC method in this study was similarly set as the setting in the

paper (Nagata, 2008c).

In this experiment, we generate theT = 4000 samples of parameter{wt}(t =

1, · · · , T ) by the EMC method, and calculate the predictive distribution by using these

samples as follows,

p(x|(x)n) ≈ 1

T

T∑
t=1

p(x|wt).

Examples of a true distribution and of the corresponding numerical predictive distribu-

tion are shown in Figure 3 in the case thatN = 2, r = 2, H = 3. In order to evaluate

the experimental value of coefficientλ, we calculated the generalization error from the

n′ = 10000 test data{x′i}(i = 1, · · · , n′) as follows,

G(n) ≈ En

{
1

n′

n′∑
i=1

log
q(x′i)

p(x′i|(x)n)

}
.

We can evaluate the validity of our results by comparing the asymptotic form of gener-

alization error shown in Eq.(2) and the experimental one.

4.2 Numerical Results

Figure 4 shows the numerical results in the case thatr = 1 andH = 2. In each

figure, the horizontal axis is the numbern of training data, and the vertical one the
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Figure 4: Comparison between the theoretical generalization error and the numerical

one in the case thatr = 1 andH = 2. Dashed lines in these figures indicate the theo-

retical value, and error bars “average± standard deviation” of100 numerical values.

value of generalization error. The dashed lines in these figures indicate the theoretical

values of generalization errors, which is calculated from Eq.(2). The error bars indicate

“average± standard deviation” for all100 sets of training data. In the same way, we

also simulated in the case thatr = 2 andH = 3. Figure 5 shows its numerical results.

According to these results, the experimental value of generalization error converges

to the theoretical one as the numbern of training data increases. Some differences

between the theoretical results and the experimental results may be influenced by the

lower term of the generalization error in Eq.(2).
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Figure 5: Comparison between the theoretical generalization error and the numerical

one in the case thatr = 2 andH = 3.

5 Conclusion

In this paper, we consider learning coefficients for Vandermonde matrix type singular-

ities. Theorems 8 and 9 show that learning coefficients for three layered neural net-

works and for normal mixture models with identity matrix variances are obtained by

the same type of singularities, i.e., Vandermonde matrix type singularities. Yamazaki

et al. (2010) shows that learning coefficients for mixtures of binomial distributions are

also obtained by Vandermonde matrix type singularities. Vandermonde matrix type is

a generic one in neural computation, so these facts seem to imply that Vandermonde

matrix type singularities are essential for learning theory.

We also show new tight bound values of learning coefficients for Vandermonde ma-

trix type singularities (Theorem 10) and the explicit values in some conditions (Theorem
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11).

By applying our results, we consider the learning coefficients of three layered neu-

ral networks with certain number of hidden units (Theorem 12), and normal mixture

models. with certain number of peaks in Bayesian estimation (Theorem 13).

Numerical results in Section 4 confirm our theoretical results.

Our future research aims to improve our method to obtain the generalization error

for both models, by using the bound values in Theorem 10.

We believe that extending our results would provide a mathematical foundation for

the analysis of various multi-layered models.

This study involves applying techniques of algebraic geometry to learning theory

and it seems that we can contribute to the development of both these fields in the future.

The application of our results is as follows. The results of this paper introduce a

mathematical measure of preciseness for numerical calculations such as the Markov

Chain Monte Carlo. In the paper (Nagata, 2008a), mathematical foundation for ana-

lyzing and developing the precision of the MCMC method is constructed by using the

theoretical values of marginal likelihoods. Moreover, the paper (Nagata, 2008b) studied

the setting of temperatures for the exchange MCMC method and proved the mathemat-

ical relation between the symmetrized Kullback function and the exchange ratio, from

which an optimal setting of temperatures could be devised. Our theoretical results will

be helpful in these numerical experiments.

Furthermore, these values have been compared with those of the generalization error

of a localized Bayes estimation (Takamatsu et al., 2005).
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Appendix A

The proof for Theorem 9 is as follows.

LetA = (a1, . . . , aH , a
∗
H+1, . . . , a

∗
H+r), I = (ℓ1, . . . , ℓN) ∈ N+0

N ,

BI =

(
N∏

j=1

b
ℓj

1j,
N∏

j=1

b
ℓj

2j, · · · ,
N∏

j=1

b
ℓj

Hj,
N∏

j=1

b∗H+1,j
ℓj , · · · ,

N∏
j=1

b∗H+r,j
ℓj

)t

,
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andB = (BI)ℓ1+···+ℓN=n,1≤n≤H+r.

Then we have

ABI = (a1, . . . , aH−1, a
∗
H+1, . . . , a

∗
H+r)



∏N
j=1 b

ℓj

1j −
∏N

j=1 b
ℓj

Hj∏N
j=1 b

ℓj

2j −
∏N

j=1 b
ℓj

Hj

...∏N
j=1 b

ℓj

H−1,j −
∏N

j=1 b
ℓj

Hj∏N
j=1 b

∗
H+1,j

ℓj −
∏N

j=1 b
ℓj

Hj

...∏N
j=1 b

∗
H+r,j

ℓj −
∏N

j=1 b
ℓj

Hj


,

by using
∑H

i=1 ai = 1,
∑r

i=H+1 a
∗
i = −1.

LetB′
I =



∏N
j=1 b

ℓj

1j −
∏N

j=1 b
ℓj

Hj∏N
j=1 b

ℓj

2j −
∏N

j=1 b
ℓj

Hj

...∏N
j=1 b

ℓj

H−1,j −
∏N

j=1 b
ℓj

Hj∏N
j=1 b

∗
H+1,j

ℓj −
∏N

j=1 b
ℓj

Hj

...∏N
j=1 b

∗
H+r,j

ℓj −
∏N

j=1 b
ℓj

Hj


andB′ = (B′

I)ℓ1+···+ℓN=n,1≤n≤H+r.

Since

N∏
j=1

b
ℓj

kj−
N∏

j=1

b
ℓj

Hj = (
N−1∏
j=1

b
ℓj

kj)b
ℓN−1
kN (bkN−bHN)+bHN((

N−1∏
j=1

b
ℓj

kj)b
ℓN−1
kN −(

N−1∏
j=1

b
ℓj

Hj)b
ℓN−1
HN ),

(
N−1∏
j=1

b
ℓj

kj)b
ℓN−1
kN (bkN−bHN) = (

N−1∏
j=1

b
ℓj

kj)b
ℓN−2
kN (bkN−bHN)2+bHN(

N−1∏
j=1

b
ℓj

kj)b
ℓN−2
kN (bkN−bHN),

and so on, we have a regular matrixR such thatB′R = (B′′
I )I where

B′′
I =



∏N
j=1(b1j − bHj)

ℓj∏N
j=1(b2j − bHj)

ℓj

...∏N
j=1(bH−1,j − bHj)

ℓj∏N
j=1(b

∗
H+1,j − bHj)

ℓj

...∏N
j=1(b

∗
H+r,j − bHj)

ℓj


.
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Set

(a
′(1)
1 , . . . , a

′(1)
H1

) = (a1, . . . , aH1),

(a
′(2)
1 , . . . , a

′(2)
H2

) = (aH1+1, . . . , aH1+H2),

...

(a
′(r′)
1 , . . . , a

′(r′)
Hr′

) = (aH1+···+Hr′−1+1, . . . , aH1+···+Hr′ ).

and

(b
′(1)
1j , . . . , b

′(1)
H1j) = (b1j − bHj, . . . , bH1j − bHj),

(b
′(2)
1j , . . . , b

′(2)
H2j) = (bH1+1,j − bHj, . . . , bH1+H2,j − bHj),

...

(b
′(r′)
1j , . . . , b

′(r′)
Hr′−1,j) = (bH1+···+Hr′−1+1,j − bHj, . . . , bH1+···+Hr′−1,j − bHj).

for 1 ≤ j ≤ N .

LetA′(α) =

 (a
′(α)
1 , a

′(α)
2 , · · · , a′(α)

Hα
, a∗H+α), for 1 ≤ α ≤ r, α ≤ r′ − 1

(a
′(α)
1 , a

′(α)
2 , · · · , a′(α)

Hα
, 0), for H + 1 ≤ α ≤ r′ − 1,

A′(r′) =

 (a
′(r′)
1 , a

′(r′)
2 , · · · , a′(r

′)
Hr′−1, a

∗
H+r′), if r′ = r,

(a
′(r′)
1 , a

′(r′)
2 , · · · , a′(r

′)
Hr′−1, 0), if r′ > r,

and

B′(α) = (B
′(α)
I )ℓ1+ℓ2+···+ℓN=n,1≤n≤Hr′

, where

B
′(α)
I =



∏N
j=1 b

′(α)
1j

ℓj∏N
j=1 b

′(α)
2j

ℓj

...∏N
j=1 b

′(α)
Hα,j

ℓj∏N
j=1(b

∗∗
αj − bHj)

ℓj


, 1 ≤ α ≤ r′ − 1, B

′(r′)
I =



∏N
j=1 b

′(r′)
1j

ℓj∏N
j=1 b

′(r′)
2j

ℓj

...∏N
j=1 b

′(r′)
Hr′−1,j

ℓj∏N
j=1(b

∗∗
r′j − bHj)

ℓj


.

By Theorem 7, we only need to consider the case
∑r

α=1 ||A′(α)B′(α)||2 instead of

||AB||2.

Since we assume that(b∗∗α1, · · · , b∗∗αN) ̸= (b∗H1, · · · , b∗HN) = (b∗∗r′1, · · · , b∗∗r′N) for 1 ≤

α ≤ r′ − 1, we may setb∗∗α1 − bH1 ̸= 0.
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SinceB′(α)
I

1
(b∗∗α1−bH1)ℓ1

=



(
b
′(α)
11

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
1j

ℓj(
b
′(α)
21

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
2j

ℓj

...(
b
′(α)
Hα1

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
Hαj

ℓj

∏N
j=2(b

∗∗
αj − bHj)

ℓj


, there exists a regular ma-

trix R′′ such thatB′(α)R′′ = B′′(α) = (


1
...

1

, B′′(α)
I )ℓ1+···+ℓN=n,n∈N, where

B
′′(α)
I =



0(
b
′(α)
21

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
2j

ℓj −
(

b
′(α)
11

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
1j

ℓj

...(
b
′(α)
Hα1

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
Hαj

ℓj −
(

b
′(α)
11

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
1j

ℓj

∏N
j=2(b

∗∗
αj − bHj)

ℓj −
(

b
′(α)
11

b∗∗α1−bH1

)ℓ1 ∏N
j=2 b

′(α)
1j

ℓj


.

We have, therefore, a regular matrixR′′′ such that

B′′(α)R′′′ = B′′′(α) = (


1
...

1

, B′′(α)
I )ℓ1+···+ℓN=n,n∈N,

where

B
′′′(α)
I =



0(
b
′(α)
21

b∗∗α1−bH1
− b

′(α)
11

b∗∗α1−bH1

)ℓ1 ∏N
j=2(b

′(α)
2j − b

′(α)
1j )ℓj

...(
b
′(α)
Hα1

b∗∗α1−bH1
− b

′(α)
11

b∗∗α1−bH1

)ℓ1 ∏N
j=2(b

′(α)
Hαj − b

′(α)
1j )ℓj(

1 − b
′(α)
11

b∗∗α1−bH1

)ℓ1 ∏N
j=2(b

∗∗
αj − bHj − b

′(α)
1j )ℓj


.

Seta(α)
1 =

 a
′(α)
1 + a

′(α)
2 + · · · + a

′(α)
Hα

+ a∗i , for 1 ≤ α ≤ r, α ≤ r′ − 1,

a
′(α)
1 + a

′(α)
2 + · · · + a

′(α)
Hα
, for H + 1 ≤ α ≤ r′ − 1,
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A(α) =


(a

(α)
2 , a

(α)
3 , · · · , a(α)

Hα
, a∗H+α) = (a

′(α)
2 , a

′(α)
3 , · · · , a′(α)

Hα
, a∗H+α),

for 1 ≤ α ≤ r, α ≤ r′ − 1

(a
(α)
2 , a

(α)
3 , · · · , a(α)

Hα
) = (a

′(α)
2 , a

′(α)
3 , · · · , a′(α)

Hα
),

for H + 1 ≤ α ≤ r′ − 1,

A(r′) =

 (a
(r′)
2 , a

(r′)
3 , · · · , a(r′)

Hr′
, a∗H+α) = (a

′(r′)
1 , a

′(r′)
2 , · · · , a′(r

′)
Hα−1, a

∗
H+α), if r = r′,

(a
(r′)
2 , a

(r′)
3 , · · · , a(r′)

Hr′
) = (a

′(r′)
1 , a

′(r′)
2 , · · · , a′(r

′)
Hα−1), if r < r′,

and


b
(α)
11 b

(α)
12 · · · b

(α)
1N

...

b
(α)
Hα1 b

(α)
Hα2 · · · b

(α)
HαN



=



b
′(α)
21

b∗∗α1−bH1
− b

′(α)
11

b∗∗α1−bH1
b
′(α)
22 − b

′(α)
12 · · · b

′(α)
2N − b

′(α)
1N

...
b
′(α)
Hα1

b∗∗α1−bH1
− b

′(α)
11

b∗∗α1−bH1
b
′(α)
Hα2 − b

′(α)
12 · · · b

′(α)
HαN − b

′(α)
1N

1 − b
′(α)
11

b∗∗α1−bH1
b∗∗α2 − bH2 − b

′(α)
12 · · · b∗∗αN − bHN − b

′(α)
1N

.


b
(r′)
11 b

(r′)
12 · · · b

(r′)
1N

...

b
(r′)
Hr′1

b
(r′)
Hr′2

· · · b
(r′)
Hr′N

 =


b
′(r′)
11 b

′(r′)
12 · · · b

′(r′)
1N

...

b
′(r′)
Hr′−1,1 b

′(r′)
Hr′−1,2 · · · b

′(r′)
Hr′−1,N

b∗∗r′1 − bH1 b∗∗r′2 − bH2 · · · b∗∗r′N − bHN

.

Then we have Theorem 9.

Q.E.D.

Lemma 14 Let I = (ℓ1, . . . , ℓN) ∈ (N ∪ {0})N ,BI =


∏N

j=1 b
ℓj

1j

...∏N
j=1 b

ℓj

Hj

 and

B = (BI)ℓ1+···+ℓN=Qn+m,0≤n≤H−1..

Also letB′
I =


0

bℓ121

∏N
j=2 b

′
2j

ℓj

...

bℓ1H1

∏N
j=2 b

′
Hj

ℓj

 for ℓ2 + · · · + ℓN ̸= 0, B′
(ℓ1,0,...,0) = B(ℓ1,0,...,0)

andB′ = (B′
I)ℓ1+···+ℓN=Qn+m,0≤n≤H−1,ℓ2+···+ℓN ̸=0.

Setb′ki = bki − bk1b1i/b11 for b11 ̸= 0 andk, i ≥ 2.

Then we have, for a regular matrixR,BR = B′.
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(Proof)

We have


∏N

j=1 b
ℓj

1j

...∏N
j=1 b

ℓj

Hj

 =


bℓ111

∏N
j=2 b

ℓj

1j

bℓ121

∏N
j=2 b

ℓj

2j

...

bℓ1H1

∏N
j=2 b

ℓj

Hj

 =


bℓ111
∏N

j=2 b
ℓj

1j

bℓ121
∏N

j=2(b
′
2j + b21b1j)

ℓj

...

bℓ1H1

∏N
j=2(b

′
Hj + bH1b1j)

ℓj

.

Also we have


bℓ111

∏N
j=2 b

ℓj

1j

bℓ121

∏N
j=2(b21b1j)

ℓj

...

bℓ1H1

∏N
j=2(bH1b1j)

ℓj

 =


bℓ111
∏N

j=2 b
ℓj

1j

b
∑

ℓj

21

∏N
j=2 b

ℓj

1j

...

b
∑

ℓj

H1

∏N
j=2 b

ℓj

1j

 and


0

bℓ121

∏N
j=2 b

′
2j

ℓ′j(b21b1j)
ℓj−ℓ′j

...

bℓ1H1

∏N
j=2 b

′
Hj

ℓ′j(bH1b1j)
ℓj−ℓ′j

 =


0

b
ℓ1+
∑

(ℓj−ℓ′j)

21

∏N
j=2 b

′
2j

ℓ′j
∏N

j=2 b
ℓj−ℓ′j
1j

...

b
ℓj+
∑

(ℓj−ℓ′j)

H1

∏N
j=2 b

′
Hj

ℓ′j
∏N

j=2 b
ℓj−ℓ′j
1j

.

Q.E.D.

Appendix B

In this section, we give the proof of Theorem 10

Assume thatH0 = H.

Let

Ψ = ||AB||2, (4)

ϕ = dadb, V be a sufficiently small neighborhood of0 andJ(ξ) =
∫

V
Ψξϕ.

Bound values : bound1 and bound2

By using a blowing up process together with an inductive method in algebraic geometry

(Watanabe, 2009; Fulton, 1993), we show that we have the following functions (5) and

(6) below.

Let

ϕ =
H′∏
i=1

vTi
i dvdadb, (5)
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where

Ti = mM(i− 1) + (H − i+ 1)N +Q(iM + (H − i)(N − 1))

+Q((i+ 1)M + (H − i− 1)(N − 1)) + · · · +Q(H ′M + (H −H ′)(N − 1)) − 1

= mM(i− 1) + (H − i+ 1)N

+Q(M(i+H ′) + (N − 1)(2H −H ′ − i))(H ′ − i+ 1)/2 − 1,

and

Ψ = (vQH′+m
1 v

Q(H′−1)+m
2 · · · vQ+m

H′ )2||A1||2 (6)

+
∑

ℓ1=Qn+m,n≥H′

(vℓ1
1 v

ℓ1−Q
2 · · · vℓ1−(H′−1)Q

H′ )2||A2f
′
ℓ1,0,··· ,0||2

+
∑

ℓ1+···+ℓN =Qn+m,
ℓ2+···+ℓN >0

(v
ℓ1+(QH′+1)(ℓ2+···+ℓN )
1 v

ℓ1+(Q(H′−1)+1)(ℓ2+···+ℓN )
2 · · · vℓ1+(Q+1)(ℓ2+···+ℓN )

H′ )2

×||A2fℓ1,ℓ2,··· ,ℓN
||2,

whereA1 =


a11 a12 · · · a1H′

...

aM1 aM2 · · · aMH′

,A2 =


a1,H′+1 a1,H′+2 · · · a1H

...

aM,H′+1 aM,H′+2 · · · aMH

,

f ′
Qn+m,0,··· ,0

=


b
m+Q(n−H′)
H′+1,1 ((bH′+1,1v2 · · · vH′)Q − 1)((bH′+1,1v3 · · · vH′)Q − 1) · · · ((bH′+1,1)

Q − 1)
...

b
m+Q(n−H′)
H1 ((bH1v2 · · · vH′)Q − 1)((bH1v3 · · · vH′)Q − 1) · · · ((bH1)

Q − 1)


and

fℓ1,ℓ2,··· ,ℓN
=


∏N

j=1 b
ℓj

H′+1,j

...∏N
j=1 b

ℓj

H,j

.

Construct the blow-up of the function (4) along the submanifold{bij = 0, 1 ≤ i ≤

H, 1 ≤ j ≤ N}. Let b11 = v1, bij = v1b
′
ij, (i, j) ̸= (1, 1).

Setb′′ij = b′ij − b′i1b
′
1j for i ≥ 2 anda′i1 = ai1 + ai2b

m
21 + ai3b

m
31 + · · · + aiHb

m
H1 for

1 ≤ i ≤M . By using Lemma 2 in Section 3.1 and settingai1 = a′i1, bij = b′′ij again, we

need to consider the functions

ϕ = vNH−1
1 dvdadb, (7)
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and

Ψ = (vm
1 )2||A1||2 (8)

+
∑

ℓ1=Qn+m,n≥1

(vℓ1
1 )2||A2f

′
ℓ1,0,··· ,0||2

+
∑

ℓ1+···+ℓN =Qn+m,
ℓ2+···+ℓN >0

(vℓ1+ℓ2+···+ℓN
1 )2||A2fℓ1,ℓ2,··· ,ℓN

||2,

whereA1 =


a11

...

aM1

, A2 =


a12 a13 · · · a1H

...

aM2 aM3 · · · aMH

,

f ′
Qn+m,0,··· ,0 =


b
m+Q(n−1)
21 (bQ21 − 1)

...

b
m+Q(n−1)
H1 (bQH1 − 1)

 andfℓ1,ℓ2,··· ,ℓN
=


∏N

j=1 b
ℓj

2j

...∏N
j=1 b

ℓj

Hj

.

We construct the blow-up of the above function (8) along the submanifold{v1 =

0, ak1 = 0, bij = 0, 1 ≤ k ≤ M, 2 ≤ i ≤ H, 2 ≤ j ≤ N} Q times. Letak1 = vQ
1 a

′
k1,

bij = vQ
1 b

′
ij, 1 ≤ k ≤M, 2 ≤ i ≤ H, 2 ≤ j ≤ N .

We have theJ(ξ)’s poles NH+p(M+(H−1)(N−1))
2(m+p)

for 0 ≤ p ≤ Q and the functions

Eqs. (5) and (6) withH ′ = 1, by settingai1 = a′i1, bij = b′ij.

Assume Eqs. (5) and (6). Construct the blow-up of function (6) along the submani-

fold {bij = 0, H ′ + 1 ≤ i ≤ H, 1 ≤ j ≤ N}.

Let bH′+1,1 = vH′+1 and bij = vH′+1b
′
ij for H ′ + 1 ≤ i ≤ H, 1 ≤ j ≤ N ,

(i, j) ̸= (H ′ + 1, 1).

Set

b′′ij((v2 · · · vH′+1)
Q − 1)((v3 · · · vH′+1)

Q − 1) · · · ((vH′+1,1)
Q − 1)

= b′ij − b′H′+1,jb
′
i1((bi1v2 · · · vH′+1)

Q − 1)((bi1v3 · · · vH′+1)
Q − 1) · · · ((bi1vH′+1)

Q − 1)

for i ≥ H ′ + 2 and

a′i,H′+1 = ai,H′+1((bH′+1,1v2 · · · vH′+1)
Q − 1)((bH′+1,1v3 · · · vH′+1)

Q − 1) · · · ((bH′+1,1)
Q − 1)

+ai,H′+2b
m
H′+2,1((bH′+2,1v2 · · · vH′+1)

Q − 1)((bH′+2,1v3 · · · vH′+1)
Q − 1) · · · ((bH′+2,1)

Q − 1)

+ · · · + aiHb
m
H1((bH1v2 · · · vH′+1)

Q − 1)((bH1v3 · · · vH′+1)
Q − 1) · · · ((bH1)

Q − 1)

for 1 ≤ i ≤ M . By using Lemma 2 and settingai1 = a′i1, bij = b′′ij again, we need to

30



consider the functions

ϕ = v
(H−H′)N−1
H′+1

H′∏
i=1

vTi
i dvdadb, (9)

where

Ti = mM(i− 1) + (H − i+ 1)N +Q(M(i+H ′)

+(N − 1)(2H −H ′ − i))(H ′ − i+ 1)/2 − 1,

for 1 ≤ i ≤ H ′ and

Ψ = (vQH′+m
1 v

Q(H′−1)+m
2 · · · vm+Q

H′ )2||A1||2 (10)

+(vQH′+m
1 v

Q(H′−1)+m
2 · · · vm+Q

H′ vm
H′+1)

2(a2
1,H′+1 + · · · + a2

M,H′+1)

+
∑

ℓ1=Qn+m,n≥H′+1

(vℓ1
1 v

ℓ1−Q
2 · · · vℓ1−(H′−1)Q

H′ vℓ1−H′Q
H′+1 )2||A2f

′
ℓ1,0,··· ,0||2

+
∑

ℓ1+···+ℓN =Qn+m,
ℓ2+···+ℓN >0

(v
ℓ1+(QH′+1)(ℓ2+···+ℓN )
1 v

ℓ1+(Q(H′−1)+1)(ℓ2+···+ℓN )
2 · · · vℓ1+ℓ2+···+ℓN

H′+1 )2||A2fℓ1,ℓ2,··· ,ℓN
||2,

whereA1 =


a11 a12 · · · a1H′

...

aM1 aM2 · · · aMH′

,A2 =


a1,H′+2 a1,H′+3 · · · a1H

...

aM,H′+2 aM,H′+3 · · · aMH

,

f ′
Qn+m,0,··· ,0

=


b
m+Q(n−H′−1)
H′+2,1 ((bH′+2,1v2 · · · vH′vH′+1)

Q − 1)((bH′+2,1v3 · · · vH′vH′+1)
Q − 1) · · · ((bH′+2,1)

Q − 1)
...

b
m+Q(n−H′−1)
H1 ((bH1v2 · · · vH′)Q − 1)((bH1v3 · · · vH′)Q − 1) · · · ((bH1)

Q − 1)


and

fℓ1,ℓ2,··· ,ℓN
=


∏N

j=1 b
ℓj

H′+2,j

...∏N
j=1 b

ℓj

H,j

.

We construct the blow-up of the above function along the submanifold{vH′+1 =

0, aki′ = 0, 1 ≤ k ≤ M, 1 ≤ i′ ≤ H ′, }, m times. By lettingaki′ = a′ki′vH′+1, we have

the polesiMH′+N(H−H′)
2i

for 1 ≤ i ≤ m.

Fix 1 ≤ p ≤ H ′ + 1. We construct the blow-up of the above function along the

submanifold{vp = 0, a′ki′ = 0, bij = 0, 1 ≤ k ≤ M, 1 ≤ i′ ≤ H ′ + 1, H ′ + 2 ≤

i ≤ H, 2 ≤ j ≤ N} Q times. Leta′ki′ = vQ
p a

′′
ki′, bij = vQ

p b
′
ij, 1 ≤ k ≤ M, 1 ≤ i′ ≤

H ′ + 1, H ′ + 2 ≤ i ≤ H, 2 ≤ j ≤ N .
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We have theJ(ξ)’s poles

mM(p−1)+(H−p+1)N+Q(M(p+H′)+(N−1)(2H−H′−p))(H′−p+1)/2+p′(M(H′+1)+(N−1)(H−H′−1)
2Q(H′−p+1)+2m+2p′

for 1 ≤ p ≤ H ′ + 1, 0 ≤ p′ ≤ Q and the functions Eqs. (5) and (6) withH ′ + 1, by

settingaki′ = a′ki′, bij = b′ij.

If a1H , · · · , aMH are constants, then we have theJ(ξ)’s polesNH+p(M+(H−1)(N−1))
2(m+p)

for 0 ≤ p ≤ Q, iMH′+N(H−H′)
2i

for 1 ≤ i ≤ m, 1 ≤ H ′ ≤ H − 1, and

mM(p−1)+(H−p+1)N+Q(M(p+H′)+(N−1)(2H−H′−p))(H′−p+1)/2+p′(M(H′+1)+(N−1)(H−H′−1)
2Q(H′−p+1)+2m+2p′

for 1 ≤ p ≤ H ′ + 1, 1 ≤ H ′ ≤ H − 2, 0 ≤ p′ ≤ Q.

Bound values : bound3

We next show that we have the following function (11) below.

Ψ =
∑

0≤n≤H−1

v
2(Qn+m)
1 ||A(n)

M,⟨N+m+nQ−1
N−1

⟩
||2 (11)

whereAM,⟨N+m+nQ−1
N−1

⟩ =


a′1,kn−1+1 · · · a′1,kn

...
...

a′M,kn−1+1 · · · a′M,kn

, wherekn =
∑n

i=0⟨
N+m+iQ−1

N−1
⟩.

Construct the blow-up of the function (4) along the submanifold{bij = 0, 1 ≤ i ≤

H, 1 ≤ j ≤ N}. Let b11 = v1, bij = v1b
′
ij, (i, j) ̸= (1, 1).

Let fi,I =
∏N

j=1 b
′
ij

ℓj for I = (ℓ1, · · · , ℓN). Number the elements in the set{I =

(ℓ1, · · · , ℓN) : ℓ1+· · ·+ℓN} from 1 to
∑H−1

i=0 ⟨N+m+iQ−1
N−1

⟩, and we denoteI(1), I(2), · · · .

We can assume thatℓ(k)
1 + · · · + ℓ

(k)
N ≤ ℓ

(k+1)
1 + · · · + ℓ

(k+1)
N .

Chooseb′∗ij properly such that all

Yi,k =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f1I(1) f1I(2) · · · f1I(k) f1I(k+1)

f2I(1) f2I(2) · · · f2I(k) f2I(k+1)

...
...

...
...

...

fkI(1) fkI(2) · · · fkI(k) fkI(k+1)

fiI(1) fiI(2) · · · fiI(k) fiI(k+1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
are not zero in a small neighborhood of{b∗ij}.
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Then by settinga′i,k+1 = ai,k+1Yk+1,k + ai,k+2Yk+2,k + ai,k+3Yk+3,k + · · ·+ aiHYH,k

for 1 ≤ i ≤ M and by using Lemma 2 in Section 3.1 and Lemma 15 below, we have

Eq. (11).

We have theJ(ξ)’s poles TH′
2m+2Q(H′+1)

for 0 ≤ H ′ ≤ H, where

TH′ = NH +MQ(H ′ + 1)⟨N +m− 1

N − 1
⟩ +MQH ′⟨N +m+Q− 1

N − 1
⟩

+ · · · +MQ⟨N +m+QH ′ − 1

N − 1
⟩.

Lemma 15 We have∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 b12 · · · b1,i−1 b1,i

b21 b22 · · · b2,i−1 b2,i

...
...

...
...

...

bi−1,1 bi−1,2 · · · bi−1,i−1 bi−1,i

bi,1 bi,2 · · · bi,i−1 bi,i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 b12 · · · b1,i−1 b1,j

b21 b22 · · · b2,i−1 b2,j

...
...

...
...

...

bi−1,1 bi−1,2 · · · bi−1,i−1 bi−1,j

bk,1 bk,2 · · · bk,i−1 bk,j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 b12 · · · b1,i−1 b1,j

b21 b22 · · · b2,i−1 b2,j

...
...

...
...

...

bi−1,1 bi−1,2 · · · bi−1,i−1 bi−1,j

bi,1 bi,2 · · · bi,i−1 bi,j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 b12 · · · b1,i−1 b1,i

b21 b22 · · · b2,i−1 b2,i

...
...

...
...

...

bi−1,1 bi−1,2 · · · bi−1,i−1 bi−1,i

bk,1 bk,2 · · · bk,i−1 bk,i

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

=

∣∣∣∣∣∣∣∣∣∣∣

b11 b12 · · · b1,i−1

b21 b22 · · · b2,i−1

...
...

...
...

bi−1,1 bi−1,2 · · · bi−1,i−1

∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b11 b12 · · · b1,i−1 b1,i b1,j

b21 b22 · · · b2,i−1 b2,i b2,j

...
...

...
...

...
...

bi−1,1 bi−1,2 · · · bi−1,i−1 bi−1,i bi−1,j

bi,1 bi,2 · · · bi,i−1 bi,i bi,j

bk,1 bk,2 · · · bk,i−1 bk,i bk,j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

wherei < j, k.

Appendix C

In this section, we obtain the largest poleλ of
∫
||AB||2<1

||AB||2ξ and its orderθ for

H ≤ 2, where||AB||2 = 0 defines Vandermonde matrix type singularities.
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Case 1ForA =


a11

a21

...

aM1

 andB = (bm11, b
m
12, . . . , b

m
1N), we have

λ = min{M
2
,
N

2m
}, θ =

 1, if mM ̸= N,

2, if mM = N.

by constructing the blow-up along the submanifold{b1j = 0, 1 ≤ j ≤ N}.

ForA =


a∗11

a∗21

...

a∗M1

 andB = (b11, b12, . . . , b1N), we have

λ =
N

2m
, θ = 1.

by constructing the blow-up along the submanifold{b1j = 0, 1 ≤ j ≤ N}.

Case 2LetA =


a11 a12

a21 a22

...

aM1 aM2

,BI =

 ∏N
j=1 b

ℓj

1j∏N
j=1 b

ℓj

2j

 andB = (BI)ℓ1+...+ℓN=Qn+m,0≤n≤1.

Construct the blow-up along the submanifold{bij = 0, 1 ≤ i ≤ 2, 1 ≤ j ≤ N}.

Let b11 = v1 andbij = v1b
′
ij for (i, j) ̸= (1, 1). Setb′′2i = b′2i − b21b1i for i ≥ 2 and

a′k1 = ak1 + ak2b
m
21 for k ≥ 1.

By Lemmas 2 and 14, we need to consider

v2m
1 ∥


a′11

a′21
...

a′M1

∥2+v2m
1 ∥


a12

a22

...

aM2


(
vQ

1 b
m
21(b

Q
21 − 1)

∏N
j=1 b

′′lj
2j

)
l1+···+lN=m,l2+···+lN>0

∥2.

Again setb2i = b′′2i. Construct the blow-up along the submanifold{b2j = 0, 1 ≤

j ≤ N}.
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(I) Let b21 = v2 andb2j = v2b
′
2j for j ≥ 2, and we need to consider

v2m
1 ∥


a′11

a′21

...

a′M1

∥2 + v2m
1 v2m

2 ∥


a12

a22

...

aM2


(
vQ

1 (vQ
2 − 1) b′22 . . . b′2N

)
∥2.

(II) Let b22 = v2 andb2j = v2b
′′
2j for j ̸= 2, and we need to consider

v2m
1 ∥


a′11

a′21

...

a′M1

∥2 + v2m
1 v2m

2 ∥


a12

a22

...

aM2

∥2.

We, therefore, have the poles

−2N + (k − 1)(M +N − 1)

2(k − 1) + 2m
(k = 1, . . . , Q+ 1),−Mk +N

2k
(k = 1, . . . ,m),−M,

1. If mM ≤ N − 1 thenλ = M andθ = 1.

2. If m = 1,M = N , thenλ = 2N+Q(2N−1)
2(Q+1)

andθ = 1.

3. If m = 1,N = M − 1 thenλ = N andθ = 2.

4. If m = 1,N < M − 1 thenλ = N andθ = 1.

5. If m = 2,N = 1,M = 1, thenλ = 1
2

andθ = 2.

6. If m = 2,N < mM ,M > 1 thenλ = N
m

andθ = 1.

7. If m ≥ 2 N = mM thenλ = N
m

andθ = 3.

8. If m > 2 N < mM thenλ = N
m

andθ = 1.

LetA =


a11 a∗12

a21 a∗22

...

aM1 a∗M2

,BI =

 ∏N
j=1 b

ℓj

1j∏N
j=1 b

ℓj

2j

 andB = (BI)ℓ1+...+ℓN=Qn+m,0≤n≤1.
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Let all b∗ij = 0. Construct the blow-up along the submanifold{bij = 0, 1 ≤ i ≤

2, 1 ≤ j ≤ N}. Let b11 = v1 andbij = v1b
′
ij for (i, j) ̸= (1, 1). Setb′′2i = b′2i − b21b1i

for i ≥ 2 anda′k1 = ak1 + ak2b
m
21 for k ≥ 1. By Lemmas 2 and 14, we need to consider

v2m
1 ∥


a′11

a′21

...

a′M1

∥2+v2m
1 ∥


a∗12

a∗22

...

a∗M2


(
vQ

1 b
m
21(b

Q
21 − 1)

∏N
j=1 b

′′lj
2j

)
l1+···+lN=m,l2+···+lN>0

∥2.

Again setb2i = b′′2i. Construct the blow-up along the submanifold{b2j = 0, 1 ≤

j ≤ N}.

(I) Let b21 = v2 andb2j = v2b
′
2j for j ≥ 2, and we need to consider

v2m
1 ∥


a′11

a′21

...

a′M1

∥2 + v2m
1 v2m

2 ∥


a∗12

a∗22
...

a∗M2


(
vQ

1 (vQ
2 − 1) b′22 . . . b′2N

)
∥2.

(II) Let b22 = v2 andb2j = v2b
′
2j for j ̸= 2, and we need to consider

v2m
1 ∥


a′11

a′21

...

a′M1

∥2 + v2m
1 v2m

2 ∥


a∗12

a∗22
...

a∗M2

∥2.

We, therefore, have the poles

−2N + (k − 1)(M +N − 1)

2(k − 1) + 2m
(k = 1, . . . , Q+ 1),−Mk +N

2k
(k = 1, . . . ,m),

and

1. If m ≥ 2,mM ≤ N − 1 thenλ = mM+N
2m

andθ = 1.

2. If m = 1,N ≥M +Q+ 1 thenλ = N+M
2

andθ = 1.

3. If m = 1,N = M +Q thenλ = N+M
2

andθ = 2.

4. If m = 1,M + 1 ≤ N ≤M +Q− 1 thenλ = 2N+Q(2N−1)
2(Q+1)

andθ = 1.
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5. If m = 1,N = M thenλ = 2N+Q(2N−1)
2(Q+1)

andθ = 1.

6. If m = 1,N = M − 1 thenλ = N andθ = 2.

7. If m = 1,N < M − 1 thenλ = N andθ = 1.

8. If m = 2,N = 1,M = 1, thenλ = 1
2

andθ = 2.

9. If m = 2,N < mM ,M > 1 thenλ = N
m

andθ = 1.

10. If m ≥ 2 N = mM thenλ = N
m

andθ = 2.

11. If m > 2 N < mM thenλ = N
m

andθ = 1.

Appendix D

Set

λ0(H) =
(k2

0 + k0)(M −N + 1) +H

4k0 + 2
,

wherek0 = max{i ∈ Z | (M −N + 1)i2 ≤ H}, and

λ1(H) =
(k1 + k2

1)(M −N + 1) + 2H

4(k1 + 1)
,

wherek1 = max{i ∈ Z | (M −N + 1)(i2 + i) ≤ 2H}.

We have

λ0(H) = min
i≥0

(i+ i2)(M −N + 1) +H

4i+ 2
, λ1(H) = min

i≥0

(i+ i2)(M −N + 1) + 2H

4(i+ 1)
.

Lemma 16 (1)
∑r

α=1 λ1(Hα) ≥ r−1
2

+ λ1(
∑r

α=1Hα − 1).

(2) λ0(H0) + λ1(H1) ≥ min{λ0(H0 +H1 − 1) + 1
2
, λ1(H0 +H1)}.

(Proof)
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(1) LetH ′, H ′′ ≥ 2. Since for somek1(k1 + 1) ≤ 2H ′/(M − N + 1), k2(k2 + 1) ≤

2H ′′/(M −N + 1), we have

λ1(H
′) + λ1(H

′′) − λ1(H
′ +H ′′ − 1) − λ1(1)

≥ k1(M −N + 1)

4
+

H ′

2(k1 + 1)
+
k2(M −N + 1)

4
+

H ′′

2(k2 + 1)

−(k1 + k2)(M −N + 1)

4
− H ′ +H ′′ − 1

2(k1 + k2 + 1)
− 1

2

=
H ′(k2 + 1)k2 +H ′′(k1 + 1)k1 − (k1 + 1)(k2 + 1)(k1 + k2)

2(k1 + 1)(k2 + 1)(k1 + k2 + 1)(M −N + 1)

≥ (k1 + 1)(k2 + 1)k2 + (k2 + 1)(k1 + 1)k1 − (k1 + 1)(k2 + 1)(k1 + k2)

2(k1 + 1)(k2 + 1)(k1 + k2 + 1)(M −N + 1)
= 0

Therefore, we have

r∑
α=1

λ1(Hα) ≥ (r − 1)λ1(1) + λ1(
r∑

α=1

Hα − 1).

(2) LetH ′ ≥ 0,H ′′ ≥ 1. We have

(k2
0 + k0)(M −N + 1) +H ′

4k0 + 2
+

(k2
1 + k1)(M −N + 1) + 2H ′′

2k1 + 2

−(k2
0 + k0)(M −N + 1) + (H ′ + 1)

4k0 + 2
+

(k2
1 + k1)(M −N + 1) + 2(H ′′ − 1)

2k1 + 2

=
1

2(k1 + 1)
− 1

4k0 + 2
,

Therefore,

(i) if λ0(H
′) + λ1(H

′′) =
(k2

0+k0)(M−N+1)+H′

4k0+2
+

(k2
1+k1)(M−N+1)+2H′′

2k1+2
and2k0 + 1 ≥

k1 + 1 then inductively

λ0(H
′) + λ1(H

′′) ≥ λ0(H
′ + 1) + λ1(H

′′ − 1) ≥ λ0(H
′ +H ′′ − 1) + λ1(1).

(ii) If λ0(H
′ + 1) + λ1(H

′′ − 1) =
(k2

0+k0)(M−N+1)+H′+1

4k0+2
+

(k2
1+k1)(M−N+1)+2(H′′−1)

2k1+2

and2k0 + 1 < k1 + 1 then inductively

λ0(H
′ + 1) + λ1(H

′′ − 1) > λ0(H
′) + λ1(H

′′) > λ1(H
′ +H ′′).

From (i) and (ii), we have

λ0(H0) + λ1(H1) ≥ min{λ0(H0 +H1 − 1) +
1

2
, λ1(H0 +H1)}. (12)

Q.E.D.
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Therefore, by some computations, we have

min
H0+···+Hr=H,H1≥1,··· ,Hr≥1

{H0N + (M(1 + k0) + (N − 1)(2H0 − k0 − 1))k0

4k0 + 2

+
r∑

α=1

2HαN + (M(1 + kα) + (N − 1)(2Hα − kα − 1))kα

4kα + 4
}

= min
H0+···+Hr=H,H1≥1,··· ,Hr≥1

{H0(N − 1)

2
+
H0 + k0(M −N + 1)(1 + k0)

4k0 + 2

+
r∑

α=1

{Hα(N − 1)

2
+

2Hα + (M −N + 1)(kα + k2
α)

4kα + 4
}}

=
H(N − 1)

2
+ min

H0+···+Hr=H,H1≥1,··· ,Hr≥1
{λ0(H0) +

r∑
α=1

λ1(Hα)}

=
H(N − 1)

2
+ min{λ0(H − r) +

r

2
, λ1(H − r + 1) +

r − 1

2
}

wherek0 = max{i ∈ Z;H0 ≥ i2(M − N + 1)} andkα = max{i ∈ Z; 2Hα ≥

(i2 + i)(M −N + 1)} for α ≥ 1.

Lemma 17 We have the followings.

• If M −N + 1 = 1, then

λ0(H − 1) + 1
2
> λ1(H) for 2 ≤ H ≤ 9.

λ0(H − 1) + 1
2

= λ1(H) for H = 10.

λ0(H − 1) + 1
2
< λ1(H) for H > 10.

• If M −N + 1 = 2, then

λ0(H − 1) + 1
2

= λ1(H) for H = 2.

λ0(H − 1) + 1
2
> λ1(H) for 3 ≤ H ≤ 5.

λ0(H − 1) + 1
2

= λ1(H) for 6 ≤ H ≤ 9.

λ0(H − 1) + 1
2
< λ1(H) for H > 9.

• If M −N + 1 ≥ 3, then

λ0(H − 1) + 1
2

= λ1(H) for H ≤M −N + 1.

λ0(H − 1) + 1
2
> λ1(H) for M −N + 1 < H ≤M −N + 4.

λ0(H − 1) + 1
2

= λ1(H) for H = M −N + 5.

λ0(H − 1) + 1
2
< λ1(H) for H > M −N + 5.
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