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Abstract

Reduced rank regression, or a three-layer neural net-
work with linear hidden units, is an important research
area, because this method picks up the essential infor-
mation from examples of input-output pairs. However,
those models are non-regular learning machines. Its
generalization error had been left unknown because of
its singularities in the parameter space. In this pa-
per, we introduce a new computational technique of
recursive blowing-ups for densingularization of a learn-
ing machine, and compute explicitly the main term in
the asymptotic form of the stochastic complexity in the
case of the reduced rank regression models.

1. INTRODUCTION

Hierarchical learning machines such as reduced rank
regression, multi-layer perceptrons, normal mixtures
and Boltzmann machines have the singular Fisher met-
rics. Their parameters are not identifiable. For in-
stance, the Fisher information matrix I(w) of reduced
rank regression, is singular (det I(w) = 0) for such a pa-
rameter w that w represents some small model. Here
the small model means that the corresponding param-
eter matrix has the lower column or row rank than
one of the learning model. That is, the set of param-
eters representing small models are analytic variety in
the set of all parameters. These learning models are
called non-reqular or non-identifiable statistical mod-
els. The theory of regular statistical models, for exam-
ple, model selection methods AIC[1], TIC[11], HQ[5],
NIC[7], BIC[10], MDLI8], cannot be applied to the re-
duce rank approximation, as it is non-regular. It is
necessary and crucial to construct a mathematical the-
ory for such learning machines.

Recently, the asymptotic form of the Bayesian
stochastic complexity has been obtained using the
method of resolution of singularities in [12, 13, 14].
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Let n be the number of arbitrary training samples. If
exists, the Bayesian generalization error G(n) has an
asymptotic expansion, given by

G(n) = Mn — (m—1)/(nlogn),

where A is a positive and rational number and m is a
natural number. Let ¢(w) be a certain a priori prob-
ability density function, ¢(x) the true probability dis-
tribution and p(z|w) the learner. Also let K (w) be the
Kullback information

waz/«wba«mmumnm.

By using the blowing-up process, we can calculate the
poles of the zeta function

J(z) ::/K(w)zw(w)dw.

The maximum pole of J(z) (as real numbers) is —A
and its order is m. For regular models, A = d/2 and
m = 1, where d is the dimension of the parameter
space. In other words, it does not depend on the true
distribution. However, non-regular models have A de-
pending on the true distribution and it is smaller than
d/2. Non-regular models are better learning machines
than regular ones provided that the Bayes estimation
is applied. In [16], the upper bound of the constant A
for reduced rank regression models was obtained. The
exact value for A had been left unknown.

In this paper, we use the inductive method to ob-
tain the exact values A for the reduced rank regression
models, and give the asymptotic form of the stochastic
complexity explicitly. The proposed method is recur-
sive blowing-ups. This work also reveals that desin-
gularization is effective to analyze zeta functions for
learning theory.
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2. BAYESIAN LEARNING MODELS

In this section, we summary the framework of
Bayesian learning.

Let 2 € R be an input, y € RY an output and
w € W C R? a parameter. Consider a learning ma-
chine p(z, y|w) and a fixed a priori probability density
function ¥ (w). Assume that the true probability dis-
tribution p(z, y|wg) is contained in the learning model.

Let X™ = (X1, Xs,...,X,) be arbitrary n training
samples which are independently taken from the true
probability distribution p(z,ylwy). The a posteriori
probability density function p(w|X™) is written by

pllX™) = o) [T (i),

n

n—/¢

Then the average inference p(z,y/X™) of the
Bayesian distribution is given by

where

p(X;|w)dw

Pz, ylX™) = / P, ylw)p(w| X™)duw

Let G(n) be the generalization error or the learning
efficiency

G(n —E{/ my|wolog(( ||X))dd}

where E, {} is the expectation value over all sets of n
training samples.

Then the average stochastic complexity or the free
energy

F(n):= —En{log/eXp(—nKn(w))w(w)dw},
satisfies

where
Zl X |'l,U0
p(Xi|w)
Let J(z) be the zeta function of the learning model
)= [ K@) v
where K (w) is the Kullback distance

o plaglw)
K(w):= [ plashoo)og Z2L

Then, for the maximum pole —\ of J(z) and its
order m, we have

F(n) = Alogn — (m

where O(1) is a bounded function of n.
The values A and m can be calculated by using the
blowing-up process.

— 1) loglogn + O(1),

3. RESOLUTION OF SINGULARITIES

In this section, we introduce Hironaka’s Theorem [6]
on the resolution of singularities and the construction
of blowing up. The blowing up is the main tool in the
resolution of singularities of an algebraic variety. We
also show its application in the field of learning theory
[12, 13, 14].

Theorem[Hironaka [6]]

Let f be a real analytic function in a neighborhood
of w= (wy, -, wy) € R with f(w) =0. There exists
an open set V.3 w, a real analytic manifold U and a
proper analytic map p from U to V' such that

(1) p:U—=E — V — f710) is an isomorphism,
where € = u~(f1(0)),

(2) for each u € U, there are local analytic coordi-
nates (uy, -+, up) such that f(u(w)) = £uj'uy? -« - usn,
where s1,- -+, S, are non-negative integers.

The above theorem is one of analytic versions of
Hironaka’s Theorem used by Atiyah[2].
Consequently, we have

Theorem [Atiyah[2], Bernstein[4], Sato & Shintani[9]]

Let f(w) be an arbitrary analytic function of vari-
ables w € R?. Let g(w) be a C*— function with com-
pact support W.

Then
2) = /Wlf(w)lzg(w)dw

s a holomorphic function in the right-half plane.

Furthermore, ((z) can be analytically continued to
a meromorphic function on the entire complex plane.
Its poles are negative rational numbers.

Apply Hironaka’s Theorem to the Kullback distance
K(w). For each w € K~1(0) N W, we have a proper
analytic map p from a neighborhood V,, of w to an an-
alytic manifold U,,, which satisfy the above (1) and (2).
Then the local integration on V,, of the zeta function

J(z), is written by
/ K (w) ) (w)dw
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= [ e ) )l
Then the values Jy,(z) can be obtained easily and so
the poles and their orders of J(z), since the parameter
space W is compact.

(For w € W\ K~1(0), there exists a neighborhood
Vi of w such that K (w'") # 0, (w’" € V,,) and so Jy,(2) =
Jv, K(w)*y(w)dw has no poles.)

Next we explain the construction of blowing up.
There are three kinds of blowing up, i.e., blowing up at
the point, blowing up along the manifold and blowing
up with respect to the coherent sheaf of ideals. The
blowing up along the manifold includes blowing up at
the point. The blowing up with respect to the coherent
sheaf of ideals includes blowing up along the manifold.

Here let us explain only the blowing up along the
manifold used in this paper. Define a manifold M by
gluing k open sets U; = R%, i = 1,2,---,k(d > k) as
follows.

Denote the coordinate of U; by (&4, -, &ai)-

Define the equivalence relation

(&13,62i5 -+, €ai) ~ (&15, 625, €ay)

at §j; # 0 and &;; # 0, by &5 = 1/&4, 55 = &ijin Enj =
§ni/&i(1 < h < kb #,5),8 = Eu(k+1 < £ < d),
and set M =, U;/ ~.

Also define 7 : M — R? by

U’L' > (512’» e 15711)7
= (&ilris o Ciibim1is Giin Giiitrir -+ Giikas
Ekt1ir - Edi)-

This map is well-defined and called the blowing up
along

X = {(wl’”'7wk7wk+l,"'7wd)ERd|

wy = -+ =wg = 0}.

The blowing map satisfies
(1) 7 : M — R is proper and
(2) m: M —771(X) —» R? - X is isomorphic.

4. LEARNING CURVES OF REDUCED
RANK REGRESSION MODELS

In this section, we show how to obtain the poles
of the zeta function of learning models in the case of
certain reduced rank regression models.

ail a2 a1mMm
a21 Az - Q2M

Let A = . and
agi ag2 -+ AHM

biir bz -+ bim

bar  baa -+ bom
B =

byt bn2 - bnH

We define the norm of any matrix C' = (¢;;) by

Ol = /2205 leis]?

Let us denote the input value by . Then the output
value y of the reduced rank regression model is given
by

y = BAz + (noise).

Consider the statistical model

(5 (s~ BAzY)

1
p(y|:1c7w) - (\/ﬂ)N exp
Assume that the a priori probability density func-
tion ¥ (w) is a C*°— function with compact support W
where 1(0) > 0, and that the true parameters w are all
0, i.e., (4, B) = (0,0).
Then the Kullback information is

K(w) = col|BA|P?,

for some constant c¢g. Then the zeta function is as
follows:

J(2) :/ | BA||*duw.
w

Main Theorem
The mazimum pole —\ and its order m are given,
case by case, as follows:
Case (1) Let N < M+ H, M < N+ H and H <
M+ N.
(a) If M + H + N is even, then m =1 and

_2MN—&-2HN—|—2MH—NQ—MQ—H2

A
8
(b) If M+ H + N is odd, then m = 2 and
5= 1+2MN +2HN +2MH — N? — M? — H?

8
Case (2) Let M + H < N. Then m =1 and

_ MH
===

Case (8) Let N+ H < M. Then m =1 and

A

_HN
==

Case (4) Let M + N < H. Then m =1 and

A

_ MN
-5

A
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Before providing Main Theorem, let us give some
notation.

Since we often change the variables during the
blowing-up process, it is more convenient for us to use
the same symbols a;; rather than aj;, af;, ---, etc, for
the sake of simplicity. For instance,

aj;p = u11
“Let . 7

aij = uniaij, (4,5) # (1,1).
instead of

ail = U1

“Let .

Q5 = ulla;’jv (4,5) # (1,1).

Proof of Main Theorem.

”

Let
v = [|BA|[%

We need to calculate poles of the following func-
tion by using the blowing-up process together with an
inductive method.

U= [l |* + |1 D> bifilar) + BerrAsal®, (1)

i=1 i=1

where fori = 1,---, H,b; =T (by; ---
the transpose),

bni), (T denotes

bis+1 bist2 - bim
bas+1 bast2 - bom
By = . and
bns+1 DN st2 bn.H
a5+1,s+1 as+1,s+2 aerl,M
as+2,s+1 as+2,s+2 as+2,M
As+1 = .
AH s+1 GH s+2 aH M

fi(ag) is a function of the entries of the matrix A
excluding the entries of As;y;. The definition of the
function f;(ar;) will be given recursively in Equation
(2) below.

Let us construct the blowing-up of ¥ along the sub-
manifold {a;; =0,1<i< H,1<j< M}

Let{ a1l = U1

aij = unagy, (i,§) # (1,1). -ben we have

a
= b+ Bl llCb 2 ()R

alM) and a =T (a21 s aHl).
By the symmetry of the norm function, it is enough
to consider the above case.

where 51 = (a12 s

Put b1 = b1 + Bgal. Then

K
|

a
a1 (b= B ) ()P
2 2 a;
uiy|[bal| +||( b, 0 ) ( A, )

() (5P

= ufy[|by|]* + |[b1a; + By (—a1a; + As) ||%.

Let Ay = —aja; + Ag, then
U= ufy|[br]]” + |biay + By Ao
Therefore we have the form
' = [|b1]|* + |[b1a1 + BaAs|?,

of the equation (1) with s = 1.

Let us construct the blowing-up of ¥’ in (1) along
the submanifold {b;; = 0,1 <i <s,1<j < N,ajy =
O,s+1<j<Hs+1<l<M}.

Let

b11 =
bji = vbji, 1 <i<s,1<j<N,(i,7)#(1,1)
aje =vaj,s+1<j< Hs+1< <M.

We have

N s
Vo= %14+ bh+ Y |Ibil?
=2 1=2

1Y bifi + Basr A |P).
i=1
Here the Jacobian is vsN+(M—s)(H—s)—1
Therefore we have the pole

SN+ (M —s)(H —s)
5 .

Next let

As41,5+1 = U

bﬂ:’ub]“].glgs,lgjgN
s+1<j<Hs+1<l<M
(4, 0) #(s+1,s+1).

By the symmetry of the norm function, this setting
is the general case as a; ¢ = u.

We have

w? Y Ibill? + 11D bifs

=1 =1

LR
ast1 Asto

S S
PO IbillP 11D bifs
=1 =1

Qjp = UGjyg,

\Ij/

(bt Bepr ) (
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+( bs+1 +Bs+233+1 0 )

a
bsr1 B, 0 TP,
+( byt +2)< As+2)|)

where 8541 = (ast1,542 -+ Gs41,m) and
Ag41 =T (as+2,s+1 e aH,s+1)~
Denote the first column of f; by f;. Let f; = (£ f)).
Put bs+1 = b5+1 + BS+285+1 + Zle bzf“ then
\I///’LL2
S

S
= Dbl + byl P+ 11D bif;

i=1 i=1
+ ( bst1 — Bspoasir — 2y bifi Byya )

Asq1 I
As+2

s+1 s

=D IbalP + 11> biff + <b5+1 - bifi 0)
i=1 i=1 i=1

( As41 )+( *Bs+2as+1 Bs+2 )( As41 )|2

As+2 As+2
s+1 S
= D IbillP+ 1D bi(f] — fidei1)
i=1 i=1
- a,
+bs18511 + Bsra(—asy1, E) ( A ! > I&
s+2
s+1 S
= D _IbilP+ 11D bilf] — fidesa)
i=1 i=1
by 118541 + Boga(—as118s41 + Agpa) |,
Now let As1o = —as418541 + Asyo. Then
s+1 s

Ve = Z bl * + || Zbi(fi/ —fia,1)
1=1 i=1
+bsi 18541 + BopaAsio|”.
Repeat this whole process by letting
fi=fi —fidsia,

Then, s will be replaced by s+ 1 in (1) and so on.
Finally, we have ¥/ = >7  ||b;||* with s =
min{H, M}.

fs41 = as41. (2)

Q.E.D.

Therefore the poles are

(N+M)r—12+s(N—r)+(M~—r—s)(H—r—3s)

2
for s=0,---,min{H —r,M —r}.
(i) If MEE=N=r < 0, the maximum pole at s = 0
is
HM — Hr + Nr
2 )

and its order m is 1.

(i) If 0 < MEEN=r < min{H —r,M —r} and
M + H — N — r is even, the maximum pole at s =
M4+H-—N—r :_
R &

—(H +1r)? - M? — N?
8
2H+r)M +2(H+r)N+2MN
8 ?

and its order m is 1.
(iii) If 0 < MEEN=r < min{H — r,M —r} and

M + H — N — r is odd, the maximum pole at s =
M+H—2N+1—r and M+H—2N—1—r is

(H +r)2 — M? — N2
8
2(H +7)M +2(H +r)N +2MN +1
8 )

and its order m is 2.
(iv) If MEE=N=r > min{H —r, M —r} and H < M,
the maximum pole at s = H — r is

7HN—HT+M7’
2 b

and its order m is 1.
(v) If MEE=N=r > min{H —r, M —r} and M < H,
the maximum pole at s = M —r is

_MN
2 b
and its order m is 1.
So Main Theorem follows.

5. DISCUSSION AND CONCLUSION

In this paper, we show the computational method
to obtain the poles of the zeta functions of the certain
reduced rank regression models.

The Figure 1 shows the graphs of the maximum
poles A with A-values in y-axis and H-values in z-axis,
when M = N = 5. It is clear that the curve is not
linear.

Significance of the obtained result from the view-
point of learning theory is as follows.

First, using our result, we can construct model se-
lection methods for Bayesian estimation.

Second, we can construct mathematical founda-
tion for analyzing and developing the precision of the
MCMC method. By the MCMC method, the estimated
values of marginal likelihoods had been calculated for
hyper-parameter estimation and model selection meth-
ods of complex learning models, but the theoretical
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Figure 1: The curve of A-values in y-axis and H-values
in z-axis, when M = N = 5.

values were not known. Now, the theoretical value of
marginal likelihoods is given in this paper, when the
true function is zero.

Desingularization of an arbitrary polynomial is
achieved by using the blowing-up process (Hironaka’s
Theorem[6]). This is a finite process. However our
algebraic calculation cannot be done by the computer
aid, since the number of rows and columns of the para-
metric matrix (i.e., N, M, H) corresponding to the
Kullback information is not constant, which comput-
ers concretely require.

Our conclusion is that the algebraic method will
lead us to solve the difficult problems of learning theory.

The method would be useful to calculate the asymp-
totic form for not only reduced rank regression models
but also other cases. Our aim is to develop a mathe-
matical theory in that context.
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