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Abstract

The log canonical threshold of Vandermonde matrix type singu-
larities over the real field serves to measure the learning efficiencies in
hierarchical learning models. Imposing certain orthogonality condi-
tions for such singularities, explicit computational results for the log
canonical thresholds are given. Applying such results to a three lay-
ered neural network, we clarify its generalization error and stochastic
complexity in learning theory.
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1 Introduction

Recently, the term “algebraic statistics” arises from the study of probabilistic
models and techniques for statistical inference using methods from algebra
and geometry [24]. Our study is to consider the generalization error and



stochastic complexity in learning theory by using the log canonical threshold
in algebraic geometry.
The log canonical threshold cz (Y, f) is analytically defined by

cz(Y, f) = sup{c: |f| ¢ is locally L? near Z},
over C and
cz(Y, f) = sup{c: |f| ¢ is locally L' near Z},

over R for a nonzero regular function f on a smooth variety Y, where Z C Y
is a closed subscheme [17], [20]. Tt is known that ¢o(C?, f) is the largest root
of the Bernstein-Sato polynomial b(s) € Cl[s] of f, where b(s)f* = Pf**! for
a linear differential operator P [9], [10], [16]. The log canonical threshold
cz(Y, f) also corresponds to the largest pole of [ ... , [f[**¥(w)dw over C,
(f near 7 [ (w)dw over R), where ¢(w) is a C*°— function with a compact
support and ¥ (w) # 0 on Z.

In this paper, we consider the log canonical threshold of Vandermonde
matrix type singularities over the real field (Definition 3). We have recently
proved that such thresholds serve to measure the learning efficiencies in hi-
erarchical learning models, i.e., they correspond to the main term of the
generalization error for hierarchical learning models.

Hierarchical learning models such as the layered neural network, the re-
duced rank regression, the normal mixture model and the Boltzmann ma-
chine are known as effective learning models to analyze complicated data
influenced by many factors. The theoretical study of hierarchical learning
models has been rapidly developed in recent years, after these models were
recognized not to be analyzed using the classic theories of regular statistical
models, since they have singular Fisher metrics [14], [25], [13], [11]. These
models are called non-regular statistical models. Watanabe proved that the
largest pole of a zeta function for the hierarchical learning model gives the
main term of the generalization error of the model asymptotically [26],[27].
Clarifying the generalization errors is one of the important topics in learning
theory. We have shown that the log canonical threshold of Vandermonde
matrix type singularities include the main terms of the generalization error
for three layered neural networks, normal mixture models and mixtures of
binomial distributions [4], [6], [29], [31].

The Vandermonde matrix type singularities are degenerate with respect
to their Newton polyhedrons [12], their singularities are not isolated and they
are not simple polynomials, i.e., they have parameters.
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In general, singularities appeared in learning theory have such properties,
and therefore, obtaining the largest pole of zeta functions for learning theory
is a still difficult problem. Moreover, our study is over the real field not the
complex field. In algebraic geometry and algebraic analysis, these studies
are usually done over an algebraically closed field [17], [20]. We have many
differences between the real field and the complex field, for example, log
canonical thresholds over the complex field are less than 1, while those over
the real field are not necessarily less than 1. We cannot therefore apply
results over an algebraically closed field to our cases, directly.

In this paper, we first show certain orthogonality conditions for Vander-
monde matrix type singularities (Theorem 1). It means that the learning
model learns a true distribution independently on each element. (Section
3). Theorem 2 gives explicit computational results for the log canonical
thresholds under some conditions. Applying such results, we consider the
generalization error and the stochastic complexity of the three layered neu-
ral network (Theorem 4).

In [7], we obtained learning efficiencies for the reduced rank regression
which is the three layered neural network with linear hidden units. Rusakov
and Geiger [22] obtained them for Naive Bayesian networks. In the recent
paper [8], we have also obtained them in the case of the normal mixture
models with dimension one.

This paper consists of three sections and Appendixes. In Section 2, we
show our main results of Vandermonde matrix type singularities. In Section
3, we summarize the framework of Bayesian learning models and our result
for a three layered neural network.

2 Vandermonde matrix type singularities

In this paper, we denote constants by a*, b*, etc.
Define the norm of a matrix C' = (c;;) by ||C|| = /3=, ; |cij|*. Denote by

(C) the ideal generated by {c;;}. Set Nyg = NU {0}, where N is the set of
all natural numbers.

Definition 1 Denote cz(f) = cz(Re, f) = sup{c: |f|~¢ is locally L' near Z}
over R and by 05 (f) its order i.e., the order of the largest pole of [ ,,.qr , | f17dz,
for a nonzero reqular function f on RY, where Z C R? is a closed subscheme.



Definition 2 Fiz Q € N. Define [b7,b5,--- ,by]o = vi(0,---,0,b5,--- ,by)

p L “ N 1 if Q is odd
o= =01 =06 #0, and%:{ \bE| /b if Q s eve;z
7 (2 °
Definition 3 Fix Q € N and m € Nyy.
a11 GmH gy oo Q1 gy
a1 Ao al ...oab
Let A = A i R A O =
ayi ccc OMH O o G0
N—H) ’

N N
By = (Hb?j7Hbgjj’ HbHJ’HbHJrlJ ’ HbH+T’]
J=1 j=1

and B = (B[)gl+...+@N:Qn+m70§n§]{+r,1 (t denotes the tmnspose).

We call singularities of ||AB||> = 0 Vandermonde matriz type singulari-
ties.

To simplify, we usually assume that

(aT,H+j7 a;,HJrj? T aa&,H+j)t # 0, (bf*{ﬂ,l: *H+j,27 ER EJrj,N) #0
for1 <73 <r and
[b}kr{+j,17 *H+j,27 T ZHJ‘,N]Q 7£ [ Z{ﬂ/,la b;l+j’,27 e 7b;1+j’,N]Q

forj #j'.

From now on, we set A and B as in Definition 3.

Remark 1 By the ascending chain condition, we have (AB) = (AB') where
B = (BI)€1+~--+€N:Qn+m,0§n§H’ and H' Z H +7r—1.

11 - 1H
a IR a
Example 1 If N =1, m =0, andr =0, we have A = 2 2
apr 0 AMH
and 0 20 OH-1)
o I R
2
B— 1 b21 bl b21
2 . Q(H-1
1 b%l bHQl bH(l )
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(The matriz B with @ = 1 as above is usually called a Vandermonde
matriz.)

Example 2 If N =3, m = Q =1 andr = H = 1, we have A =
apn - ay
Az @ and B:<b11 b§12 bio b§22 b1z b§32 biibia biibis bizbis )
: : 51 03" Do D7 bag D337 D3iby Dyybys D3ob3g

anr G*M,g
Theorem 1 Consider a sufficiently small neighborhood Uy of
* * >k
w* = {ay;, b h<k<mri<icHi<i<n

and w = {aki7 bij}1§k§M,1gigH,1§j§N € Uy-.
sk ] okk ok _
Set( 01-%2, """ ON) - (07"'70)'
Let each (b75,075, -+ ,biN), -, (B, 02, -+, UEy) be a different real vec-
tor in

051,05, - binlg #0, fori=1,...,H+r:
{(bﬁ)v i}ﬂv)v""(:flf'" :TN); [b;kla 7b;"N]Q7£O7Z.:17""H+T}'

Then r' > r and set (b7, , ;%) = [Diri1> > VirinlQ, for 1< i <.
Assume that
[bilv T yIKN]Q

= 07
* *
[bHOD T 7bH0N]Q
* *
[bH0+1,17 T 7bH0+1,N]Q
. _ *k *ok
- (b117"' ) 1N)7
* *
[bHO+H1,1a T 7bH0+H1,N]Q
* *
[bHO+H1+1,1a T 7bH0+H1+1,N]Q
. _ *ok sk
- (b217 e 7b2N)7
(b R ]
Ho+H1+Ha,1» » YHo+H1+Ha,N1Q
(b R ]
Ho++H, _+1,1 » VHo++H,_1+1,NIQ
k% k%
- (br’17 U 7br’N)‘
[b* R ]
Ho++H,_+H,,15 » YHo++H,/_,+H,,,NIQ

and Hy+---+ H. = H.



Then we have

-(I1ABJ?)

where w(®

Al —

Ale) —

E Cop(a)*

([[ABD2), b,

[AB|?) = (D O (
a=0

— p— * *¥ . .
=g bi;" } =0k st oo Oaj Mk <i<Ha1<5<N,

I=(0,...

’EN) € N+0N;
o « o N (a)fj
aéli aézi a%% | sz)e
= « N a)ti
(5% oo . a2Ha ,B§a) _ H] 1.b2] ’
ko, 1Y, .
fora=0,r+1<a<r,
N a 14
(@ (@) (@ [, 0
i1 G2 - Ay, Q1 fp4q N (b
@ @ @ [Tj=1 by
Qo1 Q9o Ao, A2 Hta B@ _ ,
. I I - : )
a « . a * N (o) b
A o diune 105,
H] 1 ba]

forl <a <,

BY = (B§0))£1+~~-+4N:Qn+m70§n§HO*1 and B = (B§a))£1+...+£N=n,0§ngHaf1
for1 <a<r'.

(Proof)
Set

1
<a§1)7 M

( (T’)

and

117...

0
. 7a"§[{)0) = (i1, -, Qi)
1
: 7a’iH1> = (ai,Ho-l-la s 7ai,H0+H1)7 for 1 <i< M,
(GO ‘
JG/'L'HT,) - (aZ,H0+~~~+HT/71+17 s 7a’L,H0+~~~+HT/>)
0
b%—[;)]) (blja"'7bH0j)7
1
s bily) = (merrgs -5 brgrmn ), for 1< j<N.
()
: 7bHT/j) = (bH0+"'+Hr/_1+1,j7 s 7bH0+---+HT/,j>7
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For (b, -+ b)) = [0, -+ b lo. we again set ai by i /()"
and bZ(?) by bg}x)%, 1<j<Nand1<k< M.
Main parts of its proof are appeared in Appendix. By applying Corollary
1 and Lemma 5 in Appendix, we have this theorem.
Q.E.D.
Usually, r corresponds to the number of elements of a true distribution.
This theorem shows that the Bayesian learning coefficient related with such
singularities is the sum of each for the small model with respect to each
element of a true distribution (cf. Section 3).

Theorem 2 We use the same notations as in Theorem 1. If N = 1, we
have

MQko(ko+ 1) + 2H,

w* AB 2 -
cor (||ABI?) 1m0
Mr' I Mka(ka + 1) + 2Hy o~ ME, (K, + 1) + 2(Ha — 1)
- +) + oy e
2 4 A1t ka) — A1+ k)
Ou-([[AB|]*) = 1+ 486,

where
ko = max{i € Z;2Hy > M (i(i — 1)Q + 2mi) },

ko = max{i € Z;2H, > M(i* +1)}, for 1 <a <,
K, =max{i € Z;2(H, — 1) > M(i* +4)}, forr+1<a <7,
and

0= {ko,ka,k; ] 2H0 = M(ko(ko — 1)@ + kao),
2H, = M (k% + k), for1<a<r,
2(Hy —1) = M(K2 4+ k), forr+1<a<r}.

For the proof of Theorem 2, we use Theorem 1 and a similar method in
6], [4], where we used recursive blowing ups and toric resolution. The proof
is very complicated since we see all blanches of recursive blowing ups at every
singularity which is not isolated.

Recently, we also have the explicit values ¢« (
numbers N and M but for H < 2 [5].

Our future purpose is to obtain the log canonical thresholds of Vander-
monde matrix type singularities in general.

|AB||?) for general natural
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3 Learning theorem

In this section, we overview learning theory, especially the stochastic com-
plexity and the generalization error in Bayesian estimation.

A learning system consists of data, a learning model and a learning algo-
rithm. The purpose of such a system is to estimate an unknown true density
function from data distributed by the true density function. The data in
learning theory are usually very complicated and not generated by a sim-
ple normal distribution. For example, such data are associated with image
or speech recognition, artificial intelligence, the control of a robot, genetic
analysis, data mining, time series prediction. Learning models to analyze
such data should likewise have complicated structures. Hierarchical learning
models such as the layered neural network model, the Boltzmann machine,
the reduced rank regression model and the normal mixture model are known
as effective learning models. These models are called non-regular statistical
models and cannot be analyzed using the classic theories of regular statistical
models [14], [25], [13], [11]. The theoretical study has therefore been started
to construct a mathematical foundation for non-regular statistical models.

The generalization error of a learning model is a difference between a true
density function and a predictive density function obtained using distributed
training samples. It is one of the most important topics in learning theory.
The largest pole of a zeta function for a learning model, which is called a
learning coefficient, gives the main term of the generalization error.

Let g(z) be a true probability density function and (z)" := {x;}}; be n
training independent and identical samples from ¢(x). Consider a learning
model which is written by a probability form p(z|w), where w is a parameter.
The purpose of the learning system is to estimate ¢(z) from (z)" by using
p(z|w).

Let p(w|(x)™) be the a posteriori probability density function:

plwl()) = -v(w) [ [ooifu),

i=1

where ¥ (w) is an a priori probability density function on the parameter set
W and

Zn:/Ww(w)Hp(xi\w)dw.



So the average inference p(x|(z)") of the Bayesian density function is
given by

plel(z)") = / plafw)p(w|(z)")dw,

which is the predictive density function.
Set

Kol = [ a(oytog - 10

This is always a positive value and satisfies K (¢||p) = 0 if and only if ¢(x) =
plal(@)").

The generalization error G(n) is its expectation value E,, over n training
samples:

= FE.{ / log )) )dx}
Let

n

K,(w) = 1 Z]og _alx)

~ 7 pxilw)

The average stochastic complexity or the free energy is defined by

F(n) = — B, {log / exp(—n K, () (w)dw}.

Then we have G(n) = F(n + 1) — F(n) for an arbitrary natural number n
([18], [2], [3])- F(n) is known as the Bayesian criterion in Bayesian model
selection [23], stochastic complexity in universal coding [21], [30], Akaike’s
Bayesian criterion in optimization of hyperparameters [1] and evidence in
neural network learning [19]. Therefore, F'(n) is an important function for
analyzing the generalization error.

It has recently been proved that the largest pole of a zeta function
gives the generalization error of hierarchical learning models asymptotically
26],[27]. We assume that the true density distribution ¢(z) is included in the
learning model, i.e., ¢(z) = p(z|w}) for wy € W, where W is the parameter
space.

Theorem 3 (Watanabe[26, 27]) Define the zeta function J(z) of a com-
plex variable z for the learning model by

— [ Kw)ulw)de



where K(w) is the Kullback function:

oy 1. P(@[wy)
K(w) = /p x|wy) log dzx.
Then, for the largest pole —\ of J(z) and its order 0, we have
F(n) = Alogn — (0 — 1) loglogn + O(1), (1)

where O(1) is a bounded function of n, and if G(n) has an asymptotic ex-
pansion,

0—1
G(n)%é—

n  nlogn

as n — oo. (2)

To prove the above theorem, Watanabe used the function
o0 = [ o= Kpptan =5 [ ot

which satisfies [0(t)f(t)dt = [ f(K(w))i(w)dw for any analytic function
f(t). The Laplace transform of v(t) is

Z(n) = / exp(—n K (w))p(w)du,

and the Mellin transform of v(¢

/K w)dw = /t%(t)dt.

The key point of the proof is that by using poles of ((z) and the inverse Mellin
transform of ((z), he obtained the asymptotic expansion of v(t), and then
the asymptotic expansion of Z(n). The analysis of the difference between
—log Z(n) and F(n) completes the proof.

In learning theory, A is, therefore, an essential value, which corresponds
to the log canonical threshold of K (w).

We here show the following two hierarchical learning models such that
the log canonical thresholds of Vandermonde matrix type singularities are
equal to their \.

(a) The three layered neural network with N input units, H hidden units and
M output units which is trained for estimating the true distribution with r
hidden units:

Denote an input value by 2 = (x (1)) € RY with a probability density

function ¢(x) which has a compact support . Then an output value 2 =
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(:L’,(f)) € RM of the three layered neural network is given by a:,(f) = fr(zW, w)+
(noise), where w = {ak;, b;j;1 <k <M,1<i<H, 1<j<N}and

H N
fk(x(l), w) = Zaki tanh(z bijx (1)).
i=1 j=1
Consider a statistical model
1 1
p(a? |z, w) = W—M/QGXP(—ﬁHf(Q) — (=W, w)|P).

Assume that the true distribution

p(a® e, uf) = 75y expl(—5 e — Fa,up) ),

is included in the learning model, where w; = {aj;, b; 1 <k < M, H + 1 <
i<H+7r,1<j<N}yand fila® w) = S0 (—ap,) tanh (3 b2tY).

1%
Suppose that an a priori probability density function ¢ (w) is a COO] furjlcglon
with a compact support W where ¢ (w;) > 0. Then the model has the zeta
function [, ||AB|[**dw with @ = 2 and m = 1, where A and B are defined
in Definition 3.
The Taylor expansion tanhz = > 0%, auz20~V+1 with a; # 0 at 0 to-
gether with Lemma 5 in [26] proves this fact.

Remark 2 Let o(x) = o0, a;aQ=V+ and a; # 0. The mazimum pole of

A éawa ) Za o (b)) 2q(w)da) o (w)du,

and its order are the same as in Main Theorem 1.

(b) The normal mixture model with H peaks which is trained for estimating
the true distribution with r peaks [29]:

Consider a normal mixture model

N

> (@ = byg)?
($|w N/2 Zalzexp = d

)7
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where w = {ay;,b;;;1 <7< H,1 <j < N} and Zfil ay; = 1. Set the true
distribution by

H+r ZN (x . b>f<.)2
j=1\"J 7
p($| t = N/2 Z alz exp . 2 : )7
=H+1

where w} = {a};, U,H+1 <i<H+7r1<j<N}and Zfﬁ}{ll aj; = —1.
Suppose that an a priori probability density function ¢ (w) is a C*°— function
with a compact support W where ¢ (w;) > 0.

Then the model has the zeta function [, ||AB|[**dw with Q =1, M =1
and m = 1, where A and B are defined in Definition 3.

(a) and (b) as above show that A\ in Theorem 3 for three layered neural
networks and for normal mixture models are obtained by the same type
of singularities, i.e., Vandermonde matrix type singularities. The paper [31],
moreover, shows that A for mixtures of binomial distributions is also obtained
by Vandermonde matrix type singularities. These facts seem to imply that
Vandermonde matrix type singularities are essential for learning theory.

Theorem 4 We use the same notations in (a).
For the three layered neural network with one input unit, the maximum
pole —\ and its order 0 in (1) and (2) are obtained by

_ S 2
A = min cq(|[AB])

with its order 6, where Q = 2, m = 1 and W* = {w € R? | f(2M,w) =

f(zW wy) for any 2},
More precisely,

10, M =1,
o forH—r+1<<¢ 5, M =2,
4+ M, M >3,
M+1 M MUE+k)+2H—r+1
we have A = (r — 1) + 4+ = (ki + k1) +2( T+ )7
2 2 Ak + 1)

g { L M+ k) <2(H —r+1),
12, MK+ k) =2(H-—r+1),

where ky = max{i € Z | M(i* +1) < 2(H —r+1)}.

12



10, M =1,
e ForH—r+1><¢ 5, M =2,
A+ M, M>3,
M+1+M(k§+k0)+H—r9_ 1, f Mk <H—r,
2 4ko + 2 T 2, if Mk2=H -,
where kg = max{i € Z | Mkj < H —r}.

we have A = r

Its proof is obtained by setting () = 2 and m = 1 in Theorem 2 and the
following Lemma 1.

Lemma 1 Set
MQ(ko* + ko) + 2H,

(@ Ho) == @)
where k = max{i € Z | M(Q(i* — i) + 2mi) < 2H}, and

M M(ky + k) +2H,  M((ky+ 1) + (ky + 1)%) + 2H,

M) = = 4(1 + ky) a 41+ ky) ’

where ky = max{i € Z | M(k? + k) < 2H,}.
We have

1. (r—=1XM (1) —i—)q(ZT:Hi —r+1) < ZT:)Q(H

i=1 T1=1

/

2. AO(QHO+ZH < M(Q, Ho) + ZA

i=r+1 i=r+1
3. Xo(Q, Ho) + A (Hy) > min{ A (Ho + Hy), Mi(1) + Mo(Q, Ho + Hy — 1)},
4. If m > 2, then

M(1) +M(Q,Ho+ Hi — 1) < M\ (Hoy + Hy).

5 Ifm=0,1and Q =1, then

M(Ho+ Hp) < M(1) 4+ M(Q, Hy+ Hy — 1).

13



6. Let m=1 and Q > 2.
[fl < H0+H1 S M, then )\1(H0+H1) = )\1(1) +)\0(Q,H0—|—H1 — 1)
There exists H > M such that if M+1 < H, + H, < H then A (Ho +
Hl) Z /\1(1) —+ )\0<Q,H0 + H1 - 1), and Zf H +1 S H(] + H1 then
/\1(H() + Hl) < /\1(1) + )\o(Q,HO + H, — 1)

7. Let m =0 and Q) > 2.
[fl S H0+H1 S M—l, then )\1(H0+H1) > )\1(1>+)\0(Q,H0+H1—1>

There exists H > M such that if M < Hy +~H1 < H then M (Hy +
Hl) Z /\1(1) —+ )\()(Q,H() + H1 - 1), and Zf H +1 S H(] + H1 then
/\1(H() + Hl) < /\1(1) + )\o(Q,HO + H, — 1)

As space is limited, we omit its proof here.

Example 3 Assume that M =1 and a true distribution is given by

1 1 1 1
_Z|1® - Z My _ = My]12
2n) exp( 2||x 5 tanh(x'") 5 tanh(22')[]7),

p(x@ |z wy) =

and a learning model by

H
1 1
p(x@)2W w) = COLE eXp(—EHx(Q) — Zai tanh(b;z™M)]?).
i=1
IfHy+ H + Hy = H and b, = -+ = by = 0,bj 0y = - = bigovps, =

* * _ 1 g% —
17a’Ho-l—l +oe Tt Ay+H, = 2’bHo+H1+1 —

4 "= YHo+ 1+H§ = 2’a*H0+H1+1 +
-+ A em, = 50 then we have p(x(2)|x(1), wy) = p(av(2

|z w*).
3
The above theorem shows that for H — 2 + 1 < 10, we have A = 3 +
K2+ ki +2(H-1) 1, ifk?+k <2(H—-1),

4(ky + 1) 2, ifki+ ki =2H-1),
where ky = max{i € Z | i* +1 < 2(H — 1)}.

ki + ko + H — 2 9_{ 1, ifki<H-2,

For H—1 > 10, we have A = 2+ Lo 1 2 2, ifki=H-2,

where kg = max{i € Z | ki < H — 2}.
Figure 1 shows the curves of A when M =1 and r =1, 2,3,4,5.
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Figure 1: The curves of A when r = 1,2,3,4,5. z-axis is H and y-axis is .

4 Appendix: Proof of Theorem 1

Lemma 2 Let U be a neighborhood of w* € R%. Let T be the ideal generated
by fi,..., fn which are analytic functions defined on U. If g1,...,9m € I,
then co«(fE + -+ + f2) is greater than c,(g3 + -+ + ¢2,). In particular, if
g1, - - -, 9m generate the ideal Z then

Cor(JT+ 4 f2) = o (g + -+ g2)-

Lemma 3 Let B' = : : and b, = :
m m H-1)4+m j—1)+m
bH bg—i— . bg( )+ bg(J )+
Consider a sufficiently small neighborhood U of {b} }1<i<m. and {b;}1<i<y €
U.
Let bf = ~;|bz].
AL [ [ (b —bi/v), ifb #£0,
7:” H|bk|_|bi|,1§k§j_ég( k/gk /i) f ' # for1<j<
bj Hb;:o;gkgjq(bk —b7), if b =0,
i and bj = (0,---,0,bl;, -+ b)), for 1 <j < H.
Then there exists a reqular matriz R such that B R = ( b{,b}, ... b} ).

Set b, =

(Proof) We only need to prove that the vector space generated by b, b}, ... b,
is equal to that generated by b}, b, ..., b/,.
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Some computation shows that the vector space generated by

pm 0 8 0
1 pm bQ—bQ .

O EOT R e e ) | |
: . . 5
by

m1Q  pQ :
PO =0 S\ b2 - 6968 - b9)

is equal to that generated by b}, b}, ... b;.
Therefore, we may set

b71n bm(bQO— bQ) O
bllz 7b/2: ’ 1: ’ 7"'7b/H: O
i 02 ) O~ 63) - (65, — 3)
We use an induction.
From now on, denote by (ci,ca,...,cy) the vector space generated by

vectors €{,Co,...,CpH.

It is easy to check that (b}, b, ..., bYy) = (b],b), ... . by, b%).

Let g; (%), gj+1(x), ..., gm (x) be polynomials of =, b;_q,...,b; such
that gj ;(zy;) = gy (xy) i |05 = [bj.] # 0 and gjr;(x) — gjv;(2') can
be devided by z? — 2/% if by = b5 = 0.

Assume that (0,---,0,g;,(b;)b;, -+, g ;(brr)bfy;)" is an element of (b}, ... b

and that
<b’17... 7b/H> — <b’1’... 7b;71’b}”... ’b}’{>.
Since
0 0
oo 0 - 0
-1 b?l—l(b:? - b]Q—l) T (b?—Q - b?—l) gj—l,j—l(bj—l)b;'/—l,j—l ’
b (b — bF) -+ (b7 — b) 9m,j—1(br )by

where

Gj-1,j-1(bj=1) #0,...,gu;—1(br) # 0,
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girj—1(ypx) = gjr j-1(yyex) i |05 = 03| # 0 and gy j1(x) — gjr j-1(2") can
be divided by /@ — 2@ if by, = b3, = 0, we have

0

b. . =b" (b
= =BG gy g Lo (i)l

(9m.j-1(br) — gj-1,-1(bj—1))bGr ;4
0

0
= b;'/—lgjfl,jfla)jfl) + g”(b )b// )

gH,j(bH)b/I/{,j

if [0 | # 0511,

’))/(; s = b/, = Il 0
D

9k, (bx) = gr.j—1(bk) — gj—1,j-1(bj—1)
where < 9k.,;(bx) = (gr,j—1(bx) — gj—1,j-1(bj—1

9k, (0) = (g j—1(b) — gj—1,j-1(bj—1))/ (bF_; — bY) if by, =b7_, =0.
By the inductive assumption, (0,---,0 g],J(b )by s g (b )bl ;) is
an element of the vector space generated by b, .- bl
Therefore,
<b,17’b;{>:<b/17 b; lvb;/’ 7b¥[>:<b/17’b; 27b;/ labgv"'ab/I,{>'
Q.E.D.
bgn b?+m o b?(Hfl)er b?(jfl)er
Lemma 4 Let B' = : : and b, = :
m m Q(H-1)+m Q(i—1)+m

Consider a sufficiently small neighborhood U of {b; }1<i<m and {b;}1<i<m €
U.

Let b = 7|b].

Let each |bi*], ..., |b5*| be a different real number in {|bf| ; |bf| # 0}:

{orl, - 1075 107 7 (657 i # 5y = {167 ] 5 [bi] # 0}
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Also set bi* = 0.
Assume that b}

’b?{0+---+H1-71+1’ =

Set

Let b\ =4

)

where BO) =

()™

g
B — :

(o)™

Yu,

forl1 <a<r.

(Proof)

= b;fo = ba*f ‘b20+1‘ == ’b}i{o+H1‘ - |b>{*’7 RS
= Ok, | = 07

B, b = (b, by,
<b§1)7 tet 7bgz) - (bHo-‘rl? s 7bH0+H1)7

o, ...,

05)) = (bHgsttt,sr1s- - Dttgosrr,)-
(@),
z BO 0 0
B 0
Then there exists a reqular matrixz R such that B'R = :
0 O 0
m +m Ho—1)+m
bgg) bgO)Q bgO)Q( 0—1)
: : : and
"
ST AR e A O e
U AR A
0
" :
™ . 0
and b"" = 0)m 0@ 0)@
: J b§ ) ngk;gj—l(bl(c) - b§~ ) )
0)m )
by - .
0)™ 0 0
bg{()) H1§k§j—1(b§c) - bgﬂl()) )

for j > 2.

18



0

Also set s b”('a) = a)™ o ey a a forl <a<
J ’Yj(‘ ) ngkgj—l(bl(c )/712 ) — b§- )/’YJ(' )) -

18 Mapesr O A7 = 087 )

r,2<j5<u1.
Then, by Lemma 3, there exists a regular matrix R such that
b//go) b”go) . b//(HO) 0 .. 0
BR— b”gl) b//(ll) . b”glg b//gl) b”él) L b//g}z 0 . 0
b gr) b 57“) . b" 57“) b/lgr) b" Y) . b//Y) L b//gr) . bH(HTz
Therefore, we have
b/lgo) b”go) . b//g[)) 0 L 0
1 1 1
BRE — 0 0o ... 0 bflg ) b”é )L b//ﬁqz 0 0
0 0o ... 0 0 0o ... 0 SR A b//gz

for some regular matrix R'.
By applying Lemma 3 to B(®), we have the proof.
Q.E.D.

N 4
Hj:l bl'j
IT,5, bz
Lemma 5 Let B; = =
N e
[Tj= bg;
and B = (B1)e,+.. 40y =0(n—1)+m,neN-
Consider a sufficiently small neighborhood U’ of {bj;}1<icmi<j<n and

Pl R

Let each (b7, 075, -+ ,biN), -, (b5, 055, -+ ,bi%) be a different real vector
mn
(071,05, -+ binlo #0,i=1,...,H+r:
{011, oin)s - (b b)Y = b, L binle # 05 i =1, HE
Set(a; 6;?”'7 87\/):(0770)
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Assume that

[ 15 TN]Q
. — 0’
[b;‘l()l’ T 7bjf'IQN]Q
[b;Io+1,17 te 7b;10+1,N]Q
: = (byldlﬂv ) Ty]ﬂ\/)v
[b?{(]—i-Hl,l? o 7b?{0+H1,N]Q
[b?{0+H1+1717 t 7b}kf{0+H1+1,N]Q
: = (b;; ) g*N)v
[b*HO+H1+H2,17 T b;Io+H1+Hz,N]Q
[bEO+"'+Hr—1+171’ T 7b}i-{‘:)"’_"'—"_I—IT/—1—"_]‘7]\[]Cg
[ *HO+-~~+HT,1+HT,17 T b?{o+~~-+Hr71+HmN]Q
and Hy+---+ H, = H.
Set
0 0
(b7, b)) = (bijy -, bagy),
0,0 ) = (bagya gy b -
( 150> H1j) ( Ho+1,55+ -+ H0+H1,j)7
(bg;)v T bgzj) = (bHO+"'+Hr71+17.7'7 Tt bHoJr---JrHrJ)?
for1 <j < N.
aym=ll N o)t
'Yf ) 1 Hj:l bgj);
()™ N b(C?) J
Let I = (... 0y) € NyY, B = | 72 [Tj=1 02

m—|I| .N 4;
%%) Hj:l bfv?ij :
and B©) = (B§O))21+...+2N=m+Q(n71),neN; B@ = (B§a))£1+...+£N:n,neN+o for
1 <a<r, where

(@) ()" ...

v, b(a)* b(a)* b(a)*

il 0" >z'N):[i1 T UiN ]Q'
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Then there exists a reqular matriz R such that

BO 0 0 -~ 0
0 BM 0 - 0
BR = , )
0 0 0 B™
(Proof)
[T by
. . T2, b2
The key point of the proof is to use =
Hj’vﬂ bHJ'Ej
b H;VZQ b1j£j 0 . 0 b4
B 0 by U1 vazz ijfj o 0 b21£1_£1
: i 0 :
0 0 ce B vazg ijej b4
and Lemma 4.
Q.E.D.

5 Appendix: Toric variety

Here we introduce toric varieties [11, 28]. Most of the Kullback functions are
degenerate (over R) with respect to their Newton polyhedrons. So we cannot
directly obtain desingularization using toric varieties. We can however, use
the idea partially for obtaining the maximum pole.

Set Ry ={reR|r >0}

Definition 4 (Convex rational polyhedral cone) A convez polyhedral cone
o is a cone generated by a finite number of vectors a; (j = 1,...,1) in R%:
0:R+a1+---+R+ai:{rlal—l—---—i-naiERd ’ (A} 20, ,TiEO}.

A strongly convex rational polyhedral cone o is a cone which is generated
by vectors a; (i = 1,...,i) in Z% (“rational”), and contains no line through
the origin (“strong”).

Definition 5 (Dual of a set) The dual 0V of any set o is defined by 0¥ =
{fueR?| (u,v) >0 for all v € a}.
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If o is a convex polyhedral cone, then ¢V is also a convex polyhedral cone
and 0¥ NZ* is a finitely generated semigroup [12].

Definition 6 (Face of a cone) A face oy of a convex polyhedral cone o is
ou=cnN{ult ={veo| (uv)=0} for someueco’.

Definition 7 (Fan) A fan A is a collection of strongly convez rational poly-
hedral cones, satisfying the following conditions: every face of a cone in A
is also a cone in A, and the intersection of two cones in A is a face of each.
Suppose that ay, ..., a; € Z¢ of a cone 0 = R a,+---+Ra,, are the first
points in Z along the edges of o. Then o is called non-singular if ay, ..., a;
is a part of a basis of Z.°.
Also a fan A is called non-singular if every cone in A is non-singular.

Definition 8 (Toric variety) For a fan A and a cone o € A, consider a
group ring R(0) = @ covrza R" = {D - 1covnza Cut™ finite sum | ¢y € R},
where z* is a basis, as u varies over u € ¢V with multiplication z zY =
Y Let

U, = Hom(R(o0),R)
= {P:R(oc) — R | ring homomorphism with P(1) = 1}.

The toric variety X (A) is defined by taking the disjoint union of U,, o € A,
and gluing U, to U, by the identification at Uyn,. For o,7 € A, Uyn, is
tdentified as a principal open subvariety of U, and U,.

A fan A is non-singular, then X (A) is a non-singular manifold [12].

Definition 9 (Refinement of a fan) A fan A’ is called a refinement of
a fan A, if there exists o € A such that o' C o for any o' € A’, and if
Useno = Uo’eA'U/~

Definition 10 (Rational convex polytope) A convex polytope is defined
as T =" {u € R | (u,v;) > p;}, for some v; € R? and p; € R, which is
the convex hull of a finite set of points.

If vi € Z% and p; € Z then the convex polytope is called rational.

A face T'(v) of T for v € Z%, is the intersection with a supporting affine
hyperplane: T'(v) = {u €' | (u,v) = minyer(u,v)}.
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Theorem 5 (Rational convex polytope and fan [12]) Let T be a ratio-
nal convex polytope. Define a cone op by op = {v € R¢ | T\(v) D F}, for a
face F of I'. Then A = {op | F is a face of I'} is a fan.

Theorem 6 (Resolution of singularities of toric varieties [12]) For any
fan A, there is a refinement A’ of A so that A’ is non-singular.

Then the morphism map from X (A') to X (A) induced by the natural map
Uy, — U, for o' C o, is a resolution of singularities.

Fori=1,...,d,set e, = (0,...,0,1,0,...,0)T € Z% whose ith element
is 1, and V = {ey,...,e4}. ( T denotes the transpose).

Let
lll l12 lld
l21 122 l2d
L=, g =
loy lag -+ lag
Define y = ("4l - gl g gl - affs oo il o), for y =
(y17 e 7yd)‘
Fix
A={o]o=) RyvivieV,1<i<m<d}u{o}, (3)
=1

in this paper. U, .x0 is the first quadrant.
Then the toric variety X (A) is identified as R? by the map

szl_i:l Rdei;Rd; P — (yl, .. 7yd) — (P(xm)’ o ,P(l‘ed)),

Let A be a non-singular fan and a refinement of A in (3).

The toric variety X (A) is constructed as follows.

For a d-dimensional ¢ = Zle R,a; € A, where the set of a;,...,a,is a
basis of 27, we have U, 2 RY Uy 3 P+ (y1,...,ya) := (P(z™),..., P(a™)) €
R,

For d-dimensional o = Z?:1 Ria; € Aand 7 = Zle Rib; € A, assume
a,, by, onNti=1--- ,my.

Take the coordinate systems of U, and U, by y” and y7, respectively.

The identification on Uyn, is

71 pe .
Yo~y = Ay =y g7 £ 0,y #£0i=1,+ ,mg,
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where A, = (ay, - ,a4) and A, = (by, -+, by).
Then X(A) is Hdimo:dUO'/ ~.
The map 7 from X (A) to X (A) 2R is

Wg:y”:(yb"' 7yd>€[]0|_> AUyUGRd.

Lemma 6 Let L = (Ly,...,1;) be any reqular d x d matriz, where d dimen-
sional vectors 1; are in Zd )

Set o, = S0 R, 1,

Then there is a refinement fan A of A in (3) such that o, € A.

Proof Set e = (1,...,1)T and p; = (e,l;) for i = 1,...,d. Let T =
N {ueR?| (ul;) > p N, {ueR?| (u,e;) > 0}. Then by Theorem 5,
A = {op | Fis a face of I'} is a fan where o = {v € R? | '(v) D F}. Let
F=T0i+ -+l ={uel|{(uli+ - +1;) = minger(u, i +---+15)} =
NL {u e T | (ul) = p;}. Since L is regular, F = {e}. We will show that
o, = op € A. The fact e € I'(l;) yields o, C op. Suppose v € op \ o,
and v = rly + -+ + r4ly for r;, € R. Then some r; are minus. Assume
that r;, < 0. Let u; be a vector satisfying (u;,l;) = 0 for ¢ # ¢; and
(uy,l;;) = 1. For a large number I, we have e + u;/I € T' and (e,v) =
Zj (ripi > (e +w/l,v) = 25:1 ripi + 13, /1. This is a contradiction to
vV € op, i.e, e € I'(v). Therefore op = 0. Fmally we show that A is a
refinement of A. Let F be any face of T. If op ¢ Z | Rye;, then there is
a vector v = (vy,...,v4)7 € op with some v;, < 0. For any large number
I, e+ Ie;, €I and (e + Ie;,,v) — —o0 as I — oo. This is a contradiction
to (u,v) = minyer(u’, v) for any u € F. Therefore op C Z?zl R, e;. Since
minyer(u’, e;) > 0, we have I'(e;) = {u el | (u,€;) = minyer(u', e;)} # .
Therefore ore,) O Rie;. That is, Upop = Zl Rie;. Q.E.D.

If a regular function f(x) # 0, x € R? is non-degenerate with respect to
its Newton polyhedron I'y and if ¢ = min{¢ > 0: e € T';} > 1 then we
have c¢o(f) = 1/c and 6y(f) = min{d, 0}, where e = (1,...,1)" and ¢’ is the
number of faces 7' 3 ce with dimension d — 1 of 'y [12].

Remark 3 Let

$21,,522 Spl 5p2 Spd

511 812
: ud 7f2_u U™+ v+ 7 >fp_u1 o Ug

fl—ul

g =u'tu - uﬁl‘idu and Ty be the Newton diagram of f2 + -+ + fg.
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Let ¢ = min{cd > 0: d(t +e) € I'.} and § = min{d,0'}, where e =
(1,...,1) t = (t1,...,tq)" and €' is the number of faces T 3 c(t + e) with
dimension d — 1 of T';..

Then, the largest pole of [ ,eqr o(JT + -+ [2)?g is 1/c and its order is
0. In this case, the condition ¢ > 1 is not necessary.

Corollary 1 Let fa(xga), . ,xgli)) > 0 be a regular function and cux (fo) =
Cas Ows (fa) =0, fora=1,...,r.

Thenforf(:cgl), . ,x&ll), . ,xﬁ”, . ,q:g;)) =3 | faandw* = (wi,...,w
we have cy(f) =30 Cay O (f) => 0 (00 — 1) + 1.

(Proof)

By blowing ups at w}, we may set

N

) (o) () () ()
(a)252 (04)23 a)ti uéa)tQ o ug();) do, du(a)

2s;"
fada® = @7 g™ g )

on one of local analytic coordinate systems and

(@) (c) (a)
" 1 ) +1 fY 4

Letd=Y" _,d, and

1 1 1
gy oy Iy
W ) (1)
ld11 ld12 e ldld )
L=, -1y = (s) (z (s) ;o €N

ll: llg) ll:l
" ) (r)
ldrl ldr2 T ldrd

Set the mapping by

w=l = (@ Ly

for u' = (u},--- ,ul).
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Then we have

r r 0s(® (@) 2 L@@ @)
fz H dl’(a) _ (Z uga) 1 uéa) 2 uflj) )z H uga) 1 uéa) 2 u((ji) do du(a)
a=1 a=1

.
=l P T 2T e T R (T
- 1
a=1
s e @iy -1
du

?

on a local coordinate system u/'.

If L is related with a face o(L) with dimension d of a refinement of the
a)255a)uga)25gl> o UEZZ)2S((;Z>7 then

do ()] Ua),fora—l ,r and

fan defined by the Newton diagram of >, _, v

there exists o such that S0 sEaO)lg“O S e
7 =1,...,d. Therefore, we have poles

r da a «
Sy e () + 1)1

Aji= ,Jg=1,...,d,
e s

on a local coordinate system u'.

We have
- (Y + 1)1

Z d (a)l(a Z

a=1 zlz a=1

and \; =3 _ ¢, if and only if
dy dr
(@) 1) =0i>0,+1,1<a<r, () Y s == s

1) 3
i=1 i=1
We can choose ). _, 0, — (r — 1) independent vectors 1; satisfing (a) and
(b) by using Lemma 6, and this fact completes the proof.
Q.E.D.
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