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Abstract

Hierarchical learning models such as layered neural networks have
singular Fisher metrics, since their parameters are not identifiable.
These are called non-regular learning models. The stochastic com-
plexities of non-regular learning models in Bayesian estimation are
asymptotically obtained by using poles of their zeta functions which
are the integrals of their Kullback distances and their priori proba-
bility density functions [1, 2, 3]. However, for several examples, up-
per bounds of the main terms in asymptotic forms of the stochastic
complexities were obtained but not the exact values, because of their
computational complexities. In this paper, we show a computational
way for obtaining the exact value of the layered neural network and
we give the asymptotic form of its stochastic complexity explicitly.
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1 Introduction

Learning models such as a layered neural network, a normal mixture and a
Boltzmann machine have their singular Fisher matrix functions I(w). Their
parameters w are not identifiable. For example, I(wy) of a three layered neu-
ral network is singular (det/(wg) = 0), when wy represents a small model with
less hidden units than those of the three layered neural network. The subset
which consists of the parameters representing the small model is an analytic
variety in all parameter space. Such a learning model is called a non-regular
model. Theories of regular statistical models, for example, model selection
theories AIC[4], TIC[5], HQ[6], NIC[7], BIC[8], MDLI9] cannot be applied to
analyzing such non-regular models. So rapid construction of mathematical
theories is necessary, since non-regular models have been applied practically
to many information technology fields.

Recently, a close connection between the Bayesian stochastic complexi-
ties of non-regular learning models and resolution of singularities has been
revealed in [1, 2, 3] as follows. Let n be the number of training samples
of a non-regular learning model. Its average stochastic complexity (Its free

energy) F'(n) is asymptotically equal to
F(n) = Xlogn — (¢ —1)loglogn + O(1),

where A is a positive rational number, ¢ is a natural number and O(1) is a

bounded function of n. Its Bayesian generalization error G(n) is the average
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Kullback distance of the inference of the non-regular learning model from its
true distribution. Since it has been known that G(n) = F(n+ 1) — F(n) if

it has an asymptotic expansion, we have

A (-1
n  nlogn’

The values A and ¢ are obtained by using the poles of the learning model’s zeta
function, based on a resolution method of its singularities. The zeta function
is defined by the integral of the Kullback distance and the a priori probability
density function of the learning model. For regular models, A = d/2 and
¢ = 1, where d is the dimension of their parameter space. Non-regular
models have smaller value A than d/2, so they are more effective learning
models than regular ones in the Bayesian estimation.

In spite of those mathematical foundations, the values A\ were not ob-
tained since it was difficult to calculate them. Only their upper bounds were
obtained in the case of the three layered neural network [11] and the reduced
rank regression [12] in the past. To overcome this difficulty, the paper [10]
proposed a probabilistic calculation method for A, but the method could not
obtain the exact values A, also.

In fact, poles of zeta functions have been investigated well only in special
cases, for example in the prehomogeneous spaces, but Kullback distances
do not occur in the prehomogeneous spaces. So, to investigate the poles of
Kullback distances is a new problem even in mathematics.

Moreover, by Hironaka’s Theorem [13], it is known that desingularization
of an arbitrary polynomial can be obtained by using a blowing-up process.

However desingularization of any polynomial in general, although it is known



as a finite process, is very difficult. Furthermore, Kullback distances are not
simple polynomials, i.e., they have parameters, for example p which is the
number of hidden units of the three layered neural networks in Eq.(3).

In this paper, we propose a new method for obtaining the exact asymp-
totic form of the stochastic complexity and its main term A\ for hieratical
learning models. Our method uses a recursive blowing-up, which yields a
complete desingularization.

By applying it to the three layered neural network, we show the effective-
ness of the method.

Our method in this paper first clarifies the asymptotic behavior of the
stochastic complexity in Bayesian estimation for the three layered neural
network. So, we can compare asymptotic behaviors of regular models and
non-regular models.

One of applications of our result in view of the learning theory is as
follows.

By the MCMC method, estimated values of marginal likelihoods were
calculated for hyper-parameter estimations and model selection methods of
non-regular learning models, but theoretical values were not known. The
theoretical values of the marginal likelihoods are given in this paper. This
enables us to construct a mathematical foundation for analyzing and devel-
oping the precision of the MCMC method.

We explain Bayesian learning theory in section 2 and resolution of singu-
larities in section 3. The main term A and its order ¢ for the three layered

neural network are obtained in section 4.



2 Bayesian learning theory

In this section, we give a framework of Bayesian learning obtained in [1, 2, 3].

Let RY be an input-output space and W C RY a parameter space. Take
r € RY and w € W. Let p(z|w) be a learning model and ¢ (w) an a priori
probability density function. Assume that its true probability distribution
p(z|wp) is included in the learning model. Let X" = (X1, X5, ..., X,,) be arbi-
trary n training samples. X;’s are randomly selected from the true probabil-
ity distribution p(z|wg). Then, its a posteriori probability density function
p(w|X™) is written by

1 n

—(w) [ (i),

plwlX") =
n i=1

where
Zn:/vvw(w)}_[lp(Xi|w)dw.

So the average inference p(z|X™) of its Bayesian distribution is given by

palX") = [ plalulp(ulX")du.
Then, its generalization error G(n) is written as

6(r) = B, [ plalun) og 52 ). g

where E,{-} is the expectation value.

Let

K, (w) =1/n Z log(p(Xi|wo) /p(Xi|w)).

i=1

Its average stochastic complexity (the free energy )

F(n) = —E, {log / exp(—n kK, (w))p(w)duw}, (2)
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satisfies

G(n) = F(n+1) — F(n),

if it has an asymptotic expansion.

Define the zeta function J(z) of the learning model by

1) = [ K@y v,
where K (w) is the Kullback distance of the learning model:

K(w) = /p(x|w0)log %daz.

Then, for the maximum pole —\ of J(z) and its order ¢, we have
F(n) = Xogn — (¢ —1)loglogn + O(1),

and

A 4=1
Gn) = n  nlogn’

where O(1) is a bounded function of n.

The values A and ¢ can be calculated by using a blowing-up process.

3 Resolution of singularities

In this section, we introduce resolution of singularities. A blowing-up process
is a main tool in resolution of singularities of algebraic varieties.
The following theorem is the analytic version of Hironaka’s theorem[13]

used by Atiyah[14].

Theorem 1
Let f(x) be a real analytic function in a neighborhood of 0 € R™. There

exist an open set V 3 0, a real analytic manifold U and a proper analytic
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map g (proper means that p’s inverse images of compact sets are compact)
from U to V such that
(1) w: U\ E— V\ f70) is an isomorphism, where £ = p~!(f71(0)),
(2) for each u € U, there is a local analytic coordinate (uq,--- ,u,) such

that f(u(u)) = uj'us? - - - u», where sq,- - , s, are non-negative integers.

Applying Hironaka’s theorem to the Kullback distance K(w) for each
w € K~1(0)NW, we have a proper analytic map i, from an analytic manifold
U, to a neighborhood V,, of w satisfying Theorem 1 (1) and (2). Then the
local integration on V,, of the zeta function J(z) of the learning model is

Ju(2) = K(w)*)(w)dw

Vuw

- / gttt o () i (o0)

Therefore, we can obtain the value J,(z). For each w € W\ K~1(0), there
exists a neighborhood V,, such that K(w’) # 0 for all w’" € V,,. So J,(z) =
Jv, K(w)*¢(w)dw has no poles. Since the parameter set W is compact, the
poles and their orders of J(z) are computable.

Next we explain construction of the blowing-up along a manifold used in
this paper.

Define the manifold M by gluing k open sets U; = R", ¢ = 1,2,--- |k
(n > k) as follows. Denote the coordinate of U; by (&14, -+, &ni)-

Set the equivalence relation

(512‘,522‘, T 7§m') ~ (519':52;':"' ,fnj)



at §;; 7 0 and &;; # 0, by
iy = /&, &55 = &iijis

Eni = &ni/&jis 1 < h <k, h#1,7,
& =&, k+1<0<n.

Put M =[5, Ui/ ~.

Then the blowing map 7 : M — R" is defined by
(512’7 e 7£m) — (fzzgllv e 7£ii§i—1i7 gii; giigi—l-liu ot 7£ii€ki7 £k+1i7 e 7£m')7

for each (&4, -+, &ni) € Ui
This map is well-defined and is called the blowing-up along
N ={(z1, x5, Tpy1, - ,Tp) ER" | 27 = =14, = 0},
The blowing map satisfies
(1) 7 : M — R™ is proper,
(2) m: M\ 71 (N)— R"\ N is an isomorphism.

4 The learning curve of a three layered neural
network

In this section, we obtain the maximum pole of the zeta function of a three
layered neural network, by using a blowing-up process.
Consider the three layered neural network of one input unit, p hidden

units and one output unit. Denote an input value by z, and an output

values by .
Let
p
flz,w) = Z ay, tanh(by,x),
m=1
where w = {a,, b,|m = 1,--- | p} is the parameter vector.



Consider the statistical model

1 1 ,
p(ylz, w) = Nors oxp(=5(y = f (2, w))?).

Assume that the probability density function g(z) of the input z is the
uniform distribution on the interval [—1, 1] and that the a priori probability
density function 1 (w) of w is a C*°— function with compact support W,
satisfying ¥ (0) > 0.

Let the true distribution be p(y|z,wy) = V%exp(—%yQ). That is, the
true parameter set which gives the true distribution contains the case of
ap=-=ap=>0b=---=b,=0.

Then the Kullback distance is

K(w) = %/_1 f(z,w)*dx.

By using Taylor expansion of K (w), the maximum pole A and its order ¢

of [, K(w)*1hdw are equal to those of

/W OO0 ambz ™ T damdby,. (3)

n=1 m=1
In the paper [15], it is shown that

P 1
Z4m—2§)\_ 2

m=1

Let ¥ be the differential form such as

U={>" ant2™} [[ damdb,.

n=1 m=1 m=1

S

Main Theorem

We have

_pti+i {2 i? = p,
4i+2 1, 2 <p,

9



where 7 is the maximum integer satisfying i2 < p.

We prove Main Theorem by using a blowing-up process of W.

Before the proof of Main Theorem, let us give some notation.

Since we often change variables by using a blowing-up process, it is more
convenient for us to use the same symbols b, rather than b, b --- etc,
for the sake of simplicity. For instance,

“Let by = vy, by, = V10,

instead of

“Let by = vy, b, = v1l),,.

We divide the proof into two parts. One part is for obtaining desingular-
ization and the other is for comparing the absolute values of poles.

Proof of Main Theorem: Part 1

Construct the blowing-up along the submanifold {b; =0,--- ,b, = 0}.

Let M be the manifold M = [[_, U;/ ~. Set the coordinate on U;
by (a1, -+ ,ap,v1,ba, -+ ,b,). After the blowing-up by the transform {b; =

v1, by, = 1by, m = 2,--- p} on Uy, we have
P P
U= O o e+ ) ambl )l
n=1 m=2
p
daydoy [ ] damdb,,.
m=2

By the symmetry of by, ..., b,, this setting is considered as the general

case {b; = v;, by, = Vb, m=1,2,--- p,m # i}.
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Let dy = a; + .7 _, Gmby,. Then we have
P
U = {v?(d? + Z Vit
n=2
p P
(dl - Z ambm + Z ambi?il)Z)}z
m=2 m=2

p
o ddydoy [ ] dagdby,.

m=2
Put the auxiliary function f,,; by

n—I

fualz) = > bR =14 > 1

jate =0

This function satisfies

fn,l(bm) - fn,l(bl) = (bfn - bl2)fn,l+1 (bm)

Set
P
cy = Z Ambm (2, — 1),
and

p
¢ =Y ambn(by, = 1), = b3) -+~ (b7, = bi_),

for i > 3. By using f,;, we have

P
U= {oj(di + Z o™ (dy + fap(ba)es + -+
n=2

p
Wl ddydoy [ ] dagdby,. (4)

m=2
We have the condition d? +>F_, V"N dy 4 fao(by)eg 4+ -+ fai(bi)ei +
o4 fan(bn)en)? =0if and only if dy = cg = -+ = ¢, = 0.

For the sake of simplicity, we use an abbreviation f,; instead of f,, ().
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Eq.(5), k, K, a.

) (i) N"ansformatlon (i)
Poles —4t& —%,1 <l<k-1.

t14+2°

Step 2

-
=
SN—
3]
o)
—
-3
SN—
—
-
=5
N—

+2(K-1)+1 +1
_a _qu71§lgk;—1.

t1+4 3
( Eq.(9)
Case 1 Case 2, (v)
Yo @K1 #AR) 440
e i > e ale) L2 )
P k, ‘?‘1,0{. _%,1§i€%k_1
Case 2, (vi) Case 2, (vii)
\

(B) Eq.(5), k+ 1, K +1,a+ 1.

Figure 1: The flow chart of the Main Theorem’s proof.

Take J() or J € R*. Denote J® = (J©) ) and a > o/ by J@ > Jj).
Also denote J® = (0,---,0) by J©@ =0 or J©® = 0.

We need the following inductive statements of k, K, a for calculating poles
by using a blowing-up process.

Figure 1 is the flow chart of the Main Theorem’s proof.
Inductive statements

Set s(J) = #{m;k <m <p, Ji = J},
s(i, J) = #{mk <m <i—1,J = J}

for any J € R%, where # implies the number of elements.

(a) K >k,
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()

U = {oltol2ol ot (d% + (dyvi + dy)?
o (KT 4 dp K e g

P
2 An—4K +4 2K—4
+dg_1fr-1,k-1)° + E vy (dyvy
n=K

+d2U%K_6fn,2 + -+ drg—1fa k-1

P k—1
+ Z fn,z'Cz‘)2> } H v
i=K m=1
p p

K-1 k—1
11 ddw T dam [] dom [ dowm. (5)
m=1 m=1 m=k

m=K

Here, t;, ¢ € Z,. Also, there exist RJ® c R®, ¢(i, J,1) € Z,, and

functions g(i,m) # 0, (K <i<p,2<1<k—1,i <m < p) such that

(i,0,2) #(4,0,3) #(,0,k—1)
C’L — /U2 /U3 s /Uk_l
: 2 2
E (i, m)anby, H (b, — b37)
i<m<p k<i/<i
BAC JZ_(,O‘):O
t(3,J,2) t(i,J,3 t(i,J k—1
s phEID IR i k1)
JERJ(®)
Y gli,m)ambm [ (bm —bs)
i<m<p k<i/<i
7§ =g Jl_(,a):J

t(i,J,2) t(i,J,3 t(i,J,k—1
+ } : Uz( )vg( ) "'Uk(—1 )
JERJI(@) J+£0

Z g(i,m)a,, H (b — byr).

i<m<p k<i’'<i
=g 7=y
T

I 2 T fork<i <i< K. JY ¢ RI®U{0} for k<i<K.

)
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(d) For JERY, K <i<p,2<1<k—1,sett(i,J 1) =t/2+1t(,JI).
There exist D ), € Zy such that

E(Z', Jl) = Z Do(u),l(ZS(ia O(u)) +1)
J>0(m)

+ > Dyy(s(i, J) + 1)

7>7R)
T erg(w)

+ > Dy 456, W)
T>J(K)
T grg() 7 (1) 20

(e) There exist g; > 0, 77,(57)1 >0for2 <k <K-1,1<&<¢g,2<1<k-1,

such that

(f) Set cpl@ =p+ 27753) + -+ (K — 1)77%11’1. There exist ¢, € Z4 for

2 <1< k—1,such that g < Y @ ;9 Dyu, and

> Jw

g1
a+l = > ¢ +o
e=1

P
+Z(_Ql+ Z Dy y)-

m=k IS g

The end of inductive statements

Statements (d), (e) and (f) are needed to compare poles. The definitions
of all variables will be given later on in the proof.

If J$) = 0 for all m and a, we have @ = k — 1 and the followings:
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(b’)
O #(6,0,2) #(i,0,3) #(,0,k—1)
C; = Uy U3 Uk
2 2
> ambn ] 02 —07).
1 <m<p k<i'<i

(d’) Dyu-1y, =1 and the others D, are 0.

(3,0 V.0) = Dgan,(2(i —1) + 1)

= 206 —1)+1.

, 1
(e) %:1+n£,l)+"'+771(cljl,l>

1 1

7757[) = O? e 77][(_)17[ = 07
0 )

nl,l - 2, P 77]k—2,l — 27

0 <y, < 2,8k, 0% D 1) 4l =2,

() Set ¢ =p+2nd) +-- + (k- 1)ni”, . Then ¢ +1 = ",

4.1 Step 1

Set k = K = 2. For any numbers jél), e 7].2(71) € R, take a neighborhood V' of

dy = 0,by = j& m =2, psuch that we have |by,| # |ba| if |55 # 5]
and we have |b,| # 0,1, if \jr(rm #0,1.
Assume that dq,b,, € V. Then we have

Ci = Z g(ivm)ambm H (bil—b?/)

i<m<p, 2<i! <i,
(1 1
Jeo IS JIEOI
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+ Z g(1,m) by, H (b, — bir)

i<m<p, 2<i! <i,
(1 (1
g 1=1 5P 1=

+ Z g(i,m)ay, H (bm — bir),

i<m<p, 2<i/ <1,
(1
1350 10,1 OIEHON

13,/ 7 1=1im

with the functions ¢(i,m) # 0.
1 (1
a=1, )= (),
Let t1:2, a1 :p—]_,
RIJW = {J = ((3%)2): i%| = 1}.
RJW is the set of J as

Z g(i,m)anby, H (b, — bir),

i<m<p 2<i’/ <4
1
1= sP=y
%

in the formulas ¢;.

Those new parameters defined in Step 1 satisfy Statements (a)~(c)

Set the other parameters such as t(i, J, 1) and ¢, by 0, since these param-
eters do not appear.

Then we have Statements (d)~(f).

4.2 Step 2

We assume the case k, K.

Construct the blowing-up of (5) along the submanifold {v; =d; = -+ =
dk—1 = 0}.

(i) Let {d; = uy,d; = wd;,2 <1 < K — 1,v3 = wgvy} in (5). Then we

have the poles

_Q1+K
t1+27
1
—C”: A<i<k-1. (6)
l
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Another blowing-up is not necessary in this neighborhood, anymore.

(ii) Let {d; = wd;,1 <1< K —1,v1 = v} in (5) and we have
U = {olhT2ylzgle oyl (df + (dyv? + dy)?
4o (dypodt 4 dgva_(st—m + -

P
+dK—1fK—1,K—1)2 + Z Uiln—4K+2(d1U%K—3

n=K
+d2U%K_5fn72 +-otdg- 1an 1

+ zp: fn,ici)2> pop i H (X

KjIZK P k—1

[T ddw J] dam [] dvm H db,,. (7)
m=1 m=K m=1 m=k

In addition, let us construct the blowing-up of (7) along the submanifold
{Ulzdlz"':d](,l:(]}.
(iii) Let {dy = uy,d; = wd;,2 <1 < K —1,v1 = uyv;} in (7). Then we

have the poles
2K -1)+1
t1+4

Y

q+1
I
(iv) Let {d, = wd;,1 <1l < K —1,v1 = v} in (7) and we have

1<i<k-1 (8)

= {vt1+4vt20§3 'U,i’“ N (d% + (dyvf + dy)* +
(dlv2K Y+d U%K_GfK—l,Z +-+ dK—l)2

+ Z 114" 4K (dy v2K 24 dgva*Zlfn,z + .-+

dK lvlan 1+anzcz ) Z q1+2(K %

ﬁ i H 4, H don H don H & )
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4.3 Step 3

Let us concentrate on cgx. Put

JB@ = {JeR*3tK,JI) >0},

Q = {Ac{2<i<k—-1:VJeJBY,

e A st t(K,J,1) >0}

CY = {m>kt(K,JY 1) =0 for all I},

’r“m

JC® = {JeR* (K, J,1) =0 for all I}.

Fix A@ ¢ Q whose number of elements is minimum in €:

# A = min #A.

AeQ

Let
( ZIEA("‘) (7/ z]l)"’QS('l J),
if J=0,J € JC®

> et t(d, Jl)+5( J),
if J € RJ® N Jo@

)
> teat t(i, J, l; s(i, J) —
ZleA<a ( )

otherw1se

T=) t+2

leA(®)

Q:ZCH

leAla)

FK — 14+ #A® 4 #0@)

In addition, let C\* = {m € C¢@ | J) ¢ RJ@, Ji»

IS for all k < i’ < K}
Case 1 Cia) # ¢.

18
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£ 0,5

(10)

(11)

(12)
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4.3.1 Transformation in Case 1

We can assume that JI(?) ¢ RJ®, JI(?) # 0 and K € C®. Then we obtain
cx = agg(K, K)+ ---. Change the variable from ax to dx by dx = ck.
Set
K—-K+1,t) >t1+4,q1 — ¢ +2(K — 1),
and we have the inductive statements of K — K + 1.

If all J{ = 0, Case 1 does not appear.

Case 2 % = ¢.
Construct the blowing-up of (9) along the submanifold {d; = --- =

dK,1 = Vg = bm = 0, k" € A(O‘),m S C(a)}.
4.3.2 Transformation(v)

(V> Let {d]_ = u]_7dl = UIdl,Q S l S K — ]‘7/Uk'” — ulvk”’k,n E A(a)’bm _
Urby, m € C@} in (9). Then we have the poles
_ZleA<a) g+ K—-—1+ #A(a) + #O(a)
Y e ti+2 )

q+1
7]

If all J{&) = 0, then we have # A £ ¢ and the poles

(13)

A1<i<k-—1. (14)

L
e +27 4

A<i<k-—1,

are obtained, since #A4@ = 1 and #C(® = 0.
4.3.3 Transformation(vi)

Fix ¥ € A,
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(Vl) Let {dl = Uk/dl, 1 S l < K — 1,Uk/ = Vg, Vg» = vk/vk»,k” € A(a) —

{k'}, by = Vprby, m € C@} in (9).
By using Eq.(10), (11), (12), set
ty — T,t(6, k') = T, j,qw — Q,ci — ¢ifvps.
Then, ti/2 = (e a@ ti+2)/2 = 31 aw 2?:1(1‘*‘775?1)"" : ""77?—171

and

gr+1l=> (@+1)+K—1+#C"
leAla)

-y {zw E3Cart

leAla)

Z Djyoy,)+¢rp +K—1

JLIS g
+ ) 1
I e
g1 ©
= >+ Z Z 7
(a) £€=1
leAl®) € J(a>§Jc(a> leAlx
P
+ E E DJ(u)J)‘i‘ E
(a) ZGA(Q) m=k
T >J ) I eso(@)
g gl + § g DJ(H
leAle JLI S gy leAle
+ E o+ K —1.
leAle)

I) Assume that there exist ' € A and ¢ such that 0 < 7 ©) i) 4.
2. T T3y

M)y < 2(K —2). Let

= > g v — > b

leAle) lcAl)
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DJ(Q)JC, — Z _DJ(()/)J +1if J(a) € JC(Q),
leAl®)

Dy — Y Dy if J# g JC©.

leAla)
Let
1 /
o, o)
be gol(é), le A® ¢=1-.. g and
1 (gxr)
n

be ngi), le A® ¢=1... g by numbering in the same order for any .

Then we have
wtl = Y ¥+ K -1

+ (—gw + Z D ) o) + i

m=k T8 > )
By the assumption (I), there exists £ such that 0 < nf,;? + 77:(),5,2 +-

77%/_)17,6, < 2(K — 2). Therefore, by putting

gp](fl) —p+ 2775?,2, +o (K= 1)(U§21,k' +1),

(€ ¢
MK 1k — UE<21,k/ +1,

we have Statements (d), (f). The end of (I)

(IT) Assume 0 < 7753) + 77:(3,51) +--+ 77&?_1’[ =2(K —2) for all | € A and €.
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By the assumption (d), for any J € R, we have

g1

2
5 = Z(l + 775?1) ot 77&?—1,1)
=1
= g(1+2(K-2))

< Y Doy y(2s(i,0%) + 1)

J>0(K)
+ Z DJ(M),Z(S(iaJ(M)) + 1)
7> 1)
J) ery(1)
+ Z .DJ(;QJS(Z.,J(“)).
7> 1)

T gry(1) (k) 20
In particular, if some J® are not equal to 0 then s(K,JW) < K — 2.

Therefore we have

9 < > Dy (15)

J>Jw)
Let

Dy — Y Dy +1if J € JC),
leAla)

Dywr = Y Doy if J¥ & JC©,
leAle)

g — > g+l dw— > G+ K-k
leAla) leAla)
and <p,(5’“/) = p. In addition, let

1 —1
%g),..., gjk )

be gol(é), le A ¢=1... g, and

(1) (grr—1)
Mowrs ™ Mo
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be nfl), l€ A ¢=1-.. g by numbering in the same order for any ¢. Put

Ué?;fxl) = ( for £ > 1. Then we have

g p
wtl=> > e +p+> (- > a

leAle) =1 m=k leAla)

1+ > > Dy

JL S g(w) le Ale)

+ ) dHp—k+1—p+K—1+#C®
leA(®)

% p

SIS SR S
&=1 m=k

JLS g

By Eq.(15) we have g < Zjﬁg) Dy xr.

> J(w)
The end of (II)

In particular, assume that all J = 0. Let

t — tw + 2, t(i, 0, k/) — t(i, 0, k/> — 1,

G — qu +k—1,¢ — cifvp.

_ (€O I (1) :
Then ty /2 =1+ 0y 4 + -+ + 1 o + 1. By putting
(1) (1)
Mo1pr = Mplr e T 1
we have

(d) (i, 0%V k) = Do 1 (206 — ') + 1),

() (k0% K) 4, =2,
() g +1=pl

=p+ 277;12/ +o+ (k= 1)n£131,k/~
If JC®is not empty, we need the following Step(*).
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Step(*)

Let j,(ffﬂ) be any real number for each m with J e JO@. For m
with JI ¢ JO@ et 5 = ;%) where J& = (J’,jﬁff‘)), J' € R*! and
j}(,? ) € R. Consider a sufficiently small neighborhood of b,, = jT(,? U and fix

it. Put

IRy £ o
Let t(i,J,(I,7)) = t(i,J',(I,7)) for J = (J',x) € R*"' where J € R

2
Sfatt) _ { (I, %) i g = o,

Change g(i,m) # 0 and b,, properly, taking into account that the neighbor-

hood of by, = 5. Let RJ@FD be the set of J satisfying

Z g(i7m)ambm H (bm_bi’)7

i<m<p k+1<i/<i
sletb_; st
1

in the formulas ¢;. That is,
RJEOTY —{J e R | J = (J,0),J € RJ}.

Let « — a+ 1. The end of Step(x)
Those new parameters defined in Step 2 satisfy Statements (a)~(f) with

Eq.(9) instead of Eq.(5), since K does not increase.
4.3.4 Transformation(vii)

Assume that C® # ¢. Fix ¥ € O@W. (vii) Let {d; = vd;,1 <1 <
K —1,by = v, = vpupe, k7 € A b, = vpby,,m € C@ — {K'}} in
Eq.(9).

(A) If k < ' < K, then we can assume k' = k+ 1. For k <i <p, let

tk - Tat(lv J7 k) — 15 J,4k — Q,C@' - Ci/vka
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by using Eq.(10), (11), (12).
(III) If A £ ¢, do the same procedure (I) or (II) by substituting &’ into k.
Adding it, set ¢, — (—g; + ZJ;E“)>J“‘> D 4 ;) + ¢y for all [, since k is replaced
by k + 1 later.

If A® = ¢, then we have all Ji) € JC®. Therefore, #C = p — (k — 1),

D - l’DJr(,?),l = 0(l # k)a

I

) = 0,6 = p,éy = K — k.

The end of (III)

Do the procedure Step(x) and let &k — k + 1.

Those new parameters satisfy Statements (a)~(f) with Eq.(9) instead of
Eq.(5). If we have all Ji) = 0, the above case does not appear.

(B)

Next consider the case K < k' < p. We can assume k' = K. If JI(?) =4
RJ@), JI(?) # 0 then there exists i < K such that JZ.(/O‘) = J[((a) because of the
Case 2 assumption. So the case results in (A).

Consider the case J := J[(?) € RJor J = JI(?) = 0. By the trans-
formation (vii), we have cx = vi(axg(K,K) + ---). Now, there is no ag
in the formulas ¢;, ¢ > K + 1. So, change the variable from ax to dx by
dig = agg(K,K)+ -+ : cg = vpdg. Since ag, bx have disappeared in all
formulas ¢;, we change the variables from by, -+ b1 to bgiq, -+ ,bg. Also
we change Ji(a) and RJ® properly.

Let
ty — T,t(i, k) = T, 5, q0 — Q,c; — ¢ifvg,
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for K +1 < < p, by using Eq.(10), (11), (12).
Proceed Step (III) and Step(x). Let
k—k+1, K — K+1,
tl —>t1‘|—4.,Q1 —>Q1+2<K_ ]-)7

and we have Statements (a)~(f).

Assume that all J& are 0. Then we have AK®) = ¢. Let

te =2,t(,0% Y k) =2(i — k), = p — 1,
C;, — Ci/vk, Do(k—l)Jg = 1, Do(k—l),l = 0([ 7é k),
i =00 =p.

By t(k, 0D [) =0(2 <1 < k—1) and (e’), we have n,(ﬁl_)lJ = 2. Also we
obtain t(k+1,0%1 1) = #(k+1,0%"1 1) —t;/2 = 2, by using (d’) and (e”).
Therefore before Step(*), we have

(d)  1(6,0%7 Y, k) = Dy (200 = k) + 1)

—2(i—k)+1,

1 1
=p+ 2n§,2 +o+ (k= 1)77;(6_)1@

After Step(x), we have £(i,0=Y k) = #(i,0%) k) and #(i,0*~D k) =
t(3,0) k). Let

k—k+1, K — K+1,
th >t +4,0 —q+2(K-1).

26



Those new parameters satisfy Statements (a’)~(f").

By repeating Step 3, the conditions Case 2 (vi) and (vii)(A) disappear,
whose transformations (vi) and (vii)(A) in Case 2 satisfy Eq.(5) instead of
Eq.(9). So, K is increased with these finite steps. K = p + 1 completes the
blowing-up process.

Proof of Main Theorem: Part 2

To obtain the maximum pole and its order, we prepare the following four
lemmas.
Lemma 1

If all i = 0, then for each 1 < k < p, we have the poles,
P

)

2
_ btk _ pt2k

1 6
_ p+2k+k+1  pr2k+2(k+1)
8 ’ 10 )

_ p+(i—1)(2k—244)+k+i—1

41 )
_ pH(i—1)(2k—2449)4-2(k+i—1)
4i+2 )

_ (p=k=1)(k—24p)+p—1

4Ep—k) ’

_ pt(p—k=1)(k—2+p)+2(p—2)
4(p—k)+2 :

which are related to vy.

Proof The proof is obtained by Statements (a’)~(f’) in Part 1. Q.E.D.

M
Lemma 2 Ifa,,,b,, >0,m=1,--- ,M,thenwehave% > min{{= [ m =
m=1"m m
1,...,M}.
Lemma 3

Let K € N. Assume that ny € Z,, 2 < kK < K — 1 satisfy 0 < n, < 2,

0 3+ F o1 < 2(K —2). Let

ti=1+m+-+nx-1,
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Qi=p+2m+- 4+ (K —1)ng_1,
and
t=2i4+m, i1€N, m=0orl.

Then we have
© p+it+im

2t 7 4i42m
p+1+1+2424---4+(i—-1)+@GE—-1)+i+im
2t
Proof It is necessary only to compare those numerators. Q.E.D.
Remark The poles
p+iZ4+im
41 + 2m

in Lemma 3 are equal to those for v; (k= 1) in Lemma 1.

Lemma 4 If some J') are not equal to 0, then the poles of (6), (8), (13)
and (14) are smaller than one of those in Lemma 1.
Proof We use the same notations in Part 1 of the Main Theorem’s
proof.
By using Statements (e) and (f), we have
q + 1 Zg 1 901
Ty TR R )

where 2L is in Eq.(6), Eq.(8) or Eq.(14) for 2 <1 < k — 1. By Lemma 2,

17}

we have

1 3]
@+ > min 1

= }
K t=esa (1 + 77;,1) +ot nﬁ? 11)

Therefore, by Lemma 3, one of the poles for v; in Lemma 1 is greater than

_atl
t;
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Next consider the poles in Eq.(13).
(I) Assume that there exist I’ € A and ¢ such that 0 < néil,) + 775,/) +

ttt + 7]%/_)171/ < 2(K — 2) Then

ZleA(a) g+ K-—-1+ #A(a) + #0@
D tea@ ti 2
S 2ieaw (@ + 1)+ K -1
B D tea@ it 2
> ZZEA(a)J;él' (+1)+ (@ +1)+K—1
B ZleA(a),l#/ t+ty +2
a+1l @+1+K-1

> mi le A £
> min{ L Lo RAS NE
Zg 901(6) Zg 901('5) + K -1
> mi le AW £
> min{ ra— P— ! JdFTY

(©)
> min{ min © = (©)
€AW 1€ 2(1 4 Mgy + -+ nK—l,l)

o

min ,
¢ 2(1+ "Igl)f +-t "7%)—1,1/)

Y

o) K -1 \
21+ + -+ (), + 1))

Therefore, by Lemma 3, we have the poles which are related to v; in Lemma

1 and are greater than the pole in Eq.(13).
(II') Assume that for all I € A(® and &, we have 0 < 7755) + néf) 4ot
771(’?*1,1 = 2(K —2) and some J® are not equal to 0.
Then g; < > - o Dy and
D @+ K =1+ #A 40
D eat b+ 2

> Yoeae (@ +1)+ K —1
N Y e ti 2
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. wa)zkﬁ9+p—k+1+K—1
TleA@ st t+2

()
> min{z€ ¥ ’
leA(e) t

p
o)

So by Lemma 3, we have a greater pole with respect to v; in Lemma 1

2 e ala) @+ K —14+#A) 440

than —
ZleA(a) t1+2

in Eq.(13).
QE.D.

Therefore the maximum pole is chosen from the followings:

p+t(-1° p+t(-17+@p-1)

4p—1) dp—1)+2

Some computations show that

p+it+2
4i+2 7

where i = max{j € N | 72 < p} is the maximum pole. If i* = p then we have
if 12 = p,

1 if 2 #£p.

The end of proof of Main Theorem

, o , .
— et — P Qg the order of the maximum pole is
47 4742
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5 Conclusion

In this paper, we introduce our inductive method for obtaining the poles
of the zeta function for the three layered neural network. The blowing-up
process of the method enables us to obtain the stochastic complexity of the
three layered neural network asymptotically. So, we show that this algebraic
method can be effectively used to solve our problem in the learning theory.

Also, the purpose of obtaining the maximum poles of zeta functions for
the leaning theory may be considered as a new problem in mathematics,
since most of Kullback functions’ singularities have not been investigated,
yet. The method in this paper would be useful for calculating asymptotic
forms for not only the layered neural network model but also other cases.
Our aim is to develop the mathematical methods in that context.

Finally, we remark that A in Main Theorem 1 becomes the same value as

the upper bound ‘/75 in the paper [15], if p = 2.
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