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Abstract. The edge degree d(e) of the edge e = uv is defined as the
number of neighbours of e, i.e., |[N(u) U N(v)] — 2. Two edges are called
remote if they are disjoint and there is no edge joining them. In this article,
we prove that in a 2-connected graph G, if d(e1) + d(e2) > |[V(G)| — 4 for
any remote edges e, es, then all longest cycles C' in G are dominating, i.e.,
G — V/(C) is edgeless. This lower bound is best possible.

As a corollary, it holds that if G is a 2-connected triangle-free graph with
02(G) > |V (G)|/2, then all longest cycles are dominating.

1 Introduction

The order of a simple graph G is denoted by n throughout this article, and a cycle
C is called dominating if G—V (C) is a stable set. Nash-Williams [13] showed that if
G is 2-connected and 0(G) > (n+2)/3, then all longest cycles of G are dominating.
Bondy generalized this fact as follows. Let

or(G) = min{z d(x;) | x1, 29, ...,z are independent vertices in G'}.
i<k
Theorem 1 (Bondy [6]). Let G be a 2-connected graph. If o5(G) > n + 2, then all

longest cycles in G are dominating.

For studying dominating cycles in triangle-free graphs, an invariant called an
edge degree is useful, and it seems essential. The edge degree d(e) of an edge e = uv
is defined as the number of neighbours of e, i.e., |[N(u) U N(v)| — 2. Two edges are
called remote if they are disjoint and there is no edge joining them. Veldman [15]
proved a k-connected graph has a dominating cycle if ) ,_, d(e;) > k(n — k)/2 for
any k + 1 mutually remote edges eg, eq, . . ., €. Yamashita_[lﬂ improved this result
by replacing the sufficient condition with the existence of three edges ey, €1, €5 such
that >, d(e;) > n — 2 in any k + 1 mutually remote edges.

For the existence of a longest cycle which is dominating, the following fact holds.

Theorem 2 (Broersma, Yoshimoto and Zhang [7]). Let G' be a 2-connected graph.
If d(eg) + d(eq1) + d(e2) > n — 2 for any mutually remote edges ey, €1, e, then G
contains a longest cycle which is dominating.
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The lower bound in Theorem 2 is best possible. Consider the vertex disjoint
graphs Koo, ky s Koy kyy Kms ks and Ko = {z,y}, and let X; and Y; be the partite sets
of Ky, k;- Then the graph

Hl = Kml,k1 U sz,kz U ng,k3 UEU {ZL’Z‘/ | x’ S UXz} U {yyl ‘ y, S UYZ}

i<3 i<3
has no dominating cycle, and the degree sum of any three mutually remote edges is

n — 2. See Figure 1.
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The purpose of this article is to establish the following.

Theorem 3. Let G be a 2-connected graph. If d(e1) +d(ey) > n—4 for any remote

edges ey, ea, then all longest cycles in G are dominating.

The lower bound in Theorem 3 is also best possible. Consider the graphs K,,, x,
and K,,, i, where | X;| > 2 and |Y;| = | X;| + 2, and let {y},yb,yi} C Y for i = 4,5.
Then the graph

Hy = Ky oy U Ko s U{Y1Y7, Y292, Y395 )
has a longest cycle which is not dominating and the minimum edge degree is (n —
4)/2. See Figure 2. The graphs H; and H, generalize the examples due to Ash and
Jackson in [1].

Ore [14] showed that the circumference of a 2-connected graph is at least o9 or
the graph is hamiltonian. In the same way, can we measure the circumference using

edge degrees? For this question, we have the following conjecture.
Conjecture 4. If G is a 1-tough graph, then the circumference of G is at least
2 +min{d(e;) + d(ez) | €1, €2 are remote edges}

or all longest cycles in G are dominating.
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Figure 2:

In this conjecture, we cannot replace 1-toughness with 2-connectedness by Hj.

If a graph is triangle-free, then an edge degree is obtained immediately from the
degree sum of it’s ends, and so d(eg) + d(e;) + d(e2) > 2(03(G) — 3) for mutually
remote edges ey, €1, €2. Hence, using Theorem 2 we can improve Aung’s theorem [3],
which states that a 2-connected triangle-free graph with 6(G) > (n + 5)/6 contains

a longest cycle which is dominating.

Corollary 5. Let G be a 2-connected triangle-free graph. If 03(G) > (n+4)/2, then

G contains a longest cycle which is dominating.

Theorem 1.1 in [3] implies that in a 2-connected triangle-free graph with § > n/4,

all longest cycles are dominating. Theorem 3 improves this fact.

Corollary 6. Let G be a 2-connected triangle-free graph. If oo(G) > n/2, then all

longest cycles in G are dominating.

Let G be a bipartite graph with partite sets X and Y, and oy 1(G) = min{d(x)+
dly) | zy ¢ E(G),z € X,y € Y}. Moon and Moser showed that a 2-connected
balanced bipartite graph with oy 1 > n/2 is hamiltonian. Kaneko and Yoshimoto [10]
generalized this by showing that if GG is a 2-connected balanced bipartite graph and
is not hamiltonian, then G has a cycle of length at least 20, ; — 2. For dominating

cycles, Theorem 3 implies the following.

Corollary 7. Let G be a 2-connected bipartite graph. If o11(G) > n/2, then all

longest cycles in G are dominating.

These results lead to a question.
Is a 1-tough triangle-free graph with oo > (n 4+ 2)/2 hamiltonian?
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The unbalance complete bipartite graphs show that 1-toughness cannot be re-
placed with 2-connectedness. But the minimum degree of the Petersen graph is
(n+2)/4, perhaps the graph is a special case. However, it is not possible to replace
(n +2)/2 by n/2 because Bauer et al. [5] constructed a class of non-hamiltonian
1-tough triangle-free graphs with 6 = (n + 1)/4.

Finally, we give some additional definitions and notations. The set of all the
neighbours of a vertex z € V(G) is denoted by Ng(z) or simply N(z), and its
cardinality by dg(z) or d(z). For a subgraph H C G, we denote Ng(z) NV (H) by
Ny (z) and its cardinality by dg(z). The set of neighbours (J,.y Na(v) \ V(H) is
written by Ng(H) or N(H). For a subgraph F' C G, Ng(H) N V(F) is denoted by
Np(H). If the meaning is clear, we denote the vertex subset V(H) by simply H.

All notation and terminology not explained here is given in [8].

2 The Proof of Theorem 3

We assume that G has a longest cycle C' = uqus . .. yjcjuy such that E(G — C) # 0,
and reach a contradiction.

The successor u;;; of u; is denoted by u; and the predecessor by wu; . For
A CV(C), we write {u] | u; € A} and {u; | u; € A} by AT and A, respectively.
The segment u;u;41 ... u; is denoted by uiauj where the subscripts are to be taken
modulo |C|. The reverse segment w;u;_q ...w; is given by ujguZ For each u; € C,
we denote the edge u;u;+q by e;.

Let H be a component in G — C' containing at least two vertices and P a longest
path in H such that it’s ends x, y are adjacent to distinct vertices on C. If |V (P)| =
1, then G has a cut vertex, and so [V(P)| > 2. Let No(2)UNe(y) = {ur1), Ur(2)s - - -}

which occur on C in the order of their indices.

Case 1. |V(P)| > 3.

Let u,;) € N(x) and u,¢;) € N(y) such that ¢ # j and u,41) € N(y) and ur(41) €
N(x). If ery+1 = Ur@i)41Ur(s)+2 is adjacent to H, then Ny (e-(;)41) contains a vertex

z # x because u,(;+1) € N(y). Hence the cycle
%
) CwzQu,

where w € N,

€r(i)+1

(z) and @ is a path joining z and = in H, is longer than C. Thus

neither e; ()41 nor (by symmetry) e,(;)41 is adjacent to H.



Let I = uT(i)HE)uT(j) and J = uT(jnguT(i). If there exists a vertex w; €
Ni(er@y+1)” N Ni(ery41), then the cycle:

=~ . = =
rPyu,jy CuwCupw Curgyx

is longer than C', where w € N,_, ., (") and w' € N,

Cr(j)+1

(u;). See Figure 3. Hence

Figure 3:

by symmetry, we have:
Ni(er@y+1)” N Ni(ergy41) = 0 and Ny(ery+1) N Ny(ergy41)” = 0.
Similarly, if u-(;41 € N(er(j)+1), then the cycle:
— —
T Pyu,(jy Ctrp 1w Curyx

is longer than C, where w € N, . (ur@+1). Thus, urgp1 & N(ery+1) and
Ur(j)+1 ¢ N(eT(i)+1) by symmetry.
Since Ni(er@y+1)” U Ni(ergy+1) C I — ury41 and Ny(ergy41) U Ny(ery+1)” C

J — Ur(5)+15

IC| > [Ni(er@+1) " | + INr(ergyan)| + [Ns(er@y+1)] + [Ns(ergye1) |
+H{ur(iyr1, wr(yr1t = [Ne(eryr)| + [No(ergyr)| + 2.

Similarly we can show that e;(;y41 and e(;)11 have no common neighbours in G —

(C'U H). Since neither e;()41 nor e(j)41 is adjacent to H,

n > |Ng-c(eriyr1)] + [No-c(ergyen)| + [Nel(er@)| + [Ne(ergyn)|
+2 4+ |H| > d(er@)+1) + d(ergy41) +5 > (n—4) + 5> n,

a contradiction.



Case 2. |V(P)| = 2.

Let P = ey = xy and Nc(eo) = Nc¢(eo)t U Ne(eg)™. For an edge e; = usu;q on C,
we denote N¢(e;) U{u;, uir1} by Neles.

Fact 1. If an edge e¢; on C' is remote to eq, then |j\70(6()) \ Nelei]] < de(ep).

Proof. Suppose e; is remote to eg. If e; is adjacent to a vertex z € H — {x,y}, then
there exists a path joining ey and z in H, which contradicts our assumption of P.

Hence, Ny(e;) = () and
N(e;) € G — H — {u;,uir1} — Ne(eo) \ Nele].
If Nc(eo) \ Neles]| > def(eg), then:

d(e;)

IN

n—|H| =2~ |Ne(eo) \ Nelel]|
< n—(dg(eg) +2) —2—dc(eg) =n —d(ey) — 4

since |H| > dp(eg) + 2 and d(eg) = du(ep) + de(eo). Hence d(eg) +d(e;) <n—4, a

contradiction. O
Let u-; € Ne(y) such that w-(;11) € No(x), and let
X = (Ne(z) \ Ne(y)) Utrayry and Y = Ne(eo) \ X.
If there exists a vertex “;(z) eY™ N N(GT(H_D_Q), then the cycle:
TYUr(g) Cwu CuT (i41)T

is longer than C, where w € Ne ., ,(u ;). Hence Y™ N N(eris1)-2) = 0. If
XTNN(eriir1)—2) = 0, then

[Ne(eo) \ Nelerqrn-2ll = [Y7| + X = defeo)

because Y ~, Xt and N¢[e,(;11)—2] are pairwise disjoint. Since this contradicts Fact 1,
XN N(eriyny-2) # 0.

Let k = min{l | v, € u, Cu (i+1)
otherwise there exists a cycle longer than C. Thus e;_o € u, C’u
N(ekfz) = (.

Let uj(l) € XTNN(ug) and Y7 =Y N uT(l)BuT(i) and Yo =Y N U’T(i+1)6>u7'(l)

Notice that u-q) ¢ Y = Y1UY; since ur() € X. If there exists u_, € Y7" NN (ex—2),

and X N N(u) # 0}. Clearly U & er(iyt1;
) and XN

7(4)

(i+1

then the cycle
— «— —

TYUr(m) Cwu;(m) Cuj(l)uk Curpyx



Uiy
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Figure 4:

is longer than C, where w € N, ,(u;,,). See Figure 4(i).
If there exists uf,, € Y5" N N(ex—s), then the cycle

«— — —
TYUr(m) Cukuj(l) Cwul ) Curpyx

T(m

is longer than C, where w € N, ,(u, ))- See Figure 4(ii). Hence N(ep—2) N (Y™ U

T(m

Y,") = 0. Since X, Y7, Y," and Ng[eg_o] are pairwise disjoint,
[No(eo) \ Nlewo]| = |XF| + Y| + V5] > do(eo).

This contradicts Fact 1. The proof is completed now.
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